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Aet.  XXII. — The  Absolute  Wave-length  of  Light ;  by  Louis 

Bell. 

This  paper  contains  tlie  final  results  of  the  research 
partially  reported  in  this  journal  for  ilareh  1886.  Iji  view  of 
the  wide  discrepancies  in  the  value  of  this  physical  constant 
as  determined  by  various  ol)servers  and  methods,  it  has  seemed 
desirable  to  give  in  brief  the  histoi-y  of  the  subject,  and 
critically  to  discuss  certain  portions  of  the  investigation  which 
have  proved  stumbhng-blocks  in  the  past.  I  refer  particularly 
to  the  verification  of  the  standards  of  length  employed,  and  to 
those  errors  of  ruling  in  tiie  gratings  which  may,  a"nd  usually 
do,  jjroduce  errors  in  the  result  ol)tained. 

Tlie  first  portion  of  this  paper  will  be  devoted  to  the 
methods  and  results  of  the  pioneers  in  this  work  and  the 
methods,  apparatus,  and  standards  of  length  employed  in  the 
present  investigation. 

The  second  portion  will  contain  the  details  of  the  experi- 
mental work,  together  with  a  discussion  of  the  final  results  and 
those  questions  of  theoretical  and  practical  interest  which  raise 
themselves  in  connection  with  the  work  of  recent  experi- 
menters. "With  this  preliminary  notice  is  presented  the  first 
half  of  the  paper. 

Historical. — Fraunhofer's  first  paper  on  the  lines  which 
bear  his  name  marks  a  new  era  in  the  science  of  optics.     Up 
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to  tliat  point  anv  careful  sttidy  of  spectra  had  hecn  inipossihle 
for  lack  of  deiinite  standards  of  reference,  and  because  the 
apparatus  was  as  yet  ver_y  defective.  Frannhofer's  research, 
"  Bestimmung  des  Brechungs-  iind  Farbenzerstreunngs- 
Veriiuigens  verschiedener  Glasarten,"  was  presented  to  tlie 
Mnnicli  Academy  of  Sciences  in  1814,  and  was  published  in 
the  fifth  volume  of  the  "  Denksehriften."  It  then  became 
possible  to  study  in  detail  the  ]iroperties  of  rays  of  definite 
]>osition  and  the  work  was  taken  up  almost  immediately. 
Almost  the  first  step  was  to  determine  the  wave-lengths  of 
prominent  points  in  the  solar  spectrum,  and,  as  is  well  known, 
F'raunhofer  himself  took  it,  determining  the  wave-lengths 
corresponding  to  his  lines  B,  C,  D,  E,  F,  G,  H.  As  there 
seems  to  have  been^noticeably  in  Verdet's  pajjers — some 
confusion  concerning  his  papers  on  this  sul)ject.  it  may  be  well 
here  to  clear  the  matter  u|). 

Fraunhofer's  first  paper  dealing  with  the  subject  was 
presented  to  the  Munich  Academy  in  1S21.  It  is  entitled : 
"  Neue  Moditikation  des  Lichtes  durch  gegenseitige  Einwir- 
kung  und  Beugung  der  Strahlen,  und  Gesetze  derselben,''  and 
was  printed  in  the  eighth  volume  of  the  "  Denkschriften."' 
It  is  of  considerable  length  and  deals  with  various  ditfi'action 
phenomena,  but  its  chief  interest  lies  in  the  wave  length 
measurements  made  with  wire  gratings.  The  experimeiits 
made  with  ten  of  these  are  given  in  detail  and  are  remarkably 
careful  and  consistent.  The  gratings  were  quite  various,  the 
wires  being  from  OO-t™"'  to  O-e™"'  in  thickness  and  the  grating- 
space  as  ordinarily  measured,  from  (>052S  to  0-H866™'".  From 
these  proportions  it  is  evident  enough  that  the  spectra  must 
have  been  very  imperfect,  l)ut  in  spite  of  this,  Fraunhofer 
obtained  results  M'liich  agreed  remarkably  well  with  each 
other.  The  wave  lengths  of  D  as  obtained  from  the  above 
mentioned  ten  gratings  were  as  follows  :  reduced  to  millimeters. 

mm  mm 

(1)  0-O0O5891  (6)  0-0005888 

hi)  0-000.5894  (7)  0-0005885 

(3)  0-0005891  (8)  0-0005885 

(4)  0-0005897  (9)  0-0005882 

(5)  0-0005885  (10)  0-0005882 

The  mean  value  ado^ated  was  0-0005888°"°,  which  considering 
the  gratings  and  the  fact  that  most  of  the  angles  of  de\iatio]i 
were  less  than  1°,  is  certainly  remarkably  accurate.  It  should 
be  noted  too,  that  the  liner  gratings  (1)  to  (4)  gave  even  better 
results. 

A  brief  discussion  of  this  paper  appeared  in  the  seventy- 
third  volume  of  Gilbert's  AnnaJen  and  a  French  reprint  in 
Schumacher's  Astronomische  Abhandlungen  (ii,  46). 
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f^rainiliofer's  second  and  more  coiaplete  paper  appeared  in 
18:^3  ill  (Till)ert's  Aiiiialeii  (Ixxiv,  1:587).  Its  title  is  :  ''  Kurzer 
Bericht  von  den  Resultateii  neiierer  Versuclie  iiber  die  Gesetze 
des  Lichtes,  uud  die  Theorie  derselben."  This  paper  gives  a 
detailed  aecoinit  of  his  experiments  with  two  glass  gratings. 
Of  these,  the  grating  spaces  were  respectively  0-0033  and 
0-0160™'".  Tlie  former  was  apparently  much  the  better,  and 
upon  it  Frannhofer  based  his  final  resnlt,  which  for  D  was 
0'00058;_-!<!"'"  while  the  experiments  witli  the  coarser  grating 
gave  O'OOOoSOO'""'.  These  values  apply  qiiite  certainly  to  the 
mean  of  the  two  D  lines,  and  not,  as  has  been  sometimes 
sup])Osed,  to  one  of  them  alone. 

The  experimental  work  with  these  glass  gratings  was  mncli 
better  than  with  the  previous  wire  ones,  since  the  angular  de- 
tlections  were  very  much  larger  and  the  gratings  themselves 
were  susceptible  of  far  more  exact  measurement.  But  at  best 
they  were  but  indifferent  instruments  and  the  terminal  lines 
were  so  bad  that  they  had  to  be  retraced  before  the  grating 
^space  could  lie  determined.  So,  lietween  poor  gratings  and  in- 
diii'erent  standards  of  length,  Fraunhofer's  determination  of 
absolute  wave  length  left  very  much  to  be  desired.  However, 
nothing  much  better  could  be  accomplished  until  the  art  of 
making  gratings  was  very  much  improved,  and  it  was  not  until 
Nobert's  gratings  became  tolerably  well  known,  that  any  seri- 
ous attempt  was  made  to  improve  on  Fraunhofer's  results. 
From  time  to  time  various  investigators  worked  on  the  prob- 
lem, both  with  Nobert's  earlier  gratings  and  liy  utilizing  vari- 
ous interference  phenomena.  When,  however,  the  great  in- 
vestigations of  Bunsen  and  Kirchhoff  revolutionized  spectro- 
scopic work  and  emphasized  its  great  importance,  the  attention 
of  scientific  men  was  called  to  the  need  for  accurate  measure- 
ments, and  for  half  a  dozen  years  investigators  were  active,  and 
Mascart,  Ditsclieiner  and  ^Vngstroin  appeared  on  the  field 
almost  simultaneously.  Each  pulilished  a  paper  in  1864,  and 
of  these  that  of  Mascart  is  probably  the  most  accurate  and 
painstaking,  though  now  it  is  quite  certain  that  the  values  he 
obtained  were  considerably  too  small.  He  employed  four  or 
live  of  Xobert's  gratings  and  instead  of  placing  the  grating 
perpendicular  to  either  the  collimator  or  the  observing  tele- 
scope, used  it  in  tlie  position  of  minimum  deviation,  that  is  to 
say,  so  that  the  plane  of  the  grating  should  bisect  the  angle 
fonned  by  the  incident  and  diffracted  rays.  This  position  has 
certain  advantages,  but  as  the  experimentation  is  rather  more 
difficult  than  in  the  ordinary  position,  the  method  appears  to  be 
of  somewhat  questionalile  utility.  It  avoids,  to  be  sure,  the 
necessity  of  placing  the  gi'ating  normal  to  the  axis  of  either 
telescope,  but  as  there  is  very  little  trouble  in  making  this  ad- 
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jnstineiit  with  a  high  degree  of  accnracy,  and  keeping  it 
tln-oiigh  a  series  of  measurements,  the  gain  is  by  no  means 
consideral)k\  Aside  from  this  question,  Mascart's  spectrom- 
eter read  only  to  live  seconds,  and  while  his  results  with  differ- 
ent gratings  agree  very  well  individually  they  are  certainly  col- 
lectively in  error  hy  quite  a  large  amount,  vei-y  possibly  Jwino- 
to  bad  standards  of  length. 

It  is  a  fact  to  be  noted  in  discussing  all  these  earlier  wave- 
length determinations,  that  sutKcient  attention  was  not  paid  to 
the  measurement  and  study  of  the  gratings — by  all  odds  the 
most  difficult  part  of  the  prolilem.  The  angular  measures  of 
any  one  of  the  above  investigators  were  good  enough  to  have 
given  very  exact  results  had  they  been  combined  with  proper 
investigations  of  the  grating  spaces.  As  most  of  N()l)ert's 
gratings  ^yere  small  and  l)y  no  means  accurately  ruled  there 
was  peculiar  need  of  care  in  measuring  them,  and  when  one 
considers  that  the  deiining  lines  on  most  standards  of  lenoth 
are  far  from  being  good,  i"t  is  clear  that  the  chances  for  eiTor 
were  numerous.  In  Angstrchn's  iirst  paper  he  even  relied  on 
the  grating  space  assigned  by  the  maker.  Ditscheiner  em- 
ployed a  grating  which  had  belonged  to  Fraunhofer  himself, 
but  the  nuinljer  of  spaces  was  uncertain  and  this  led  to  a  large 
error  which  Jie  con-ected,  in  jiart,  in  a  supplementary  paper 
some  years  later.  Ditscheiner's  principal  paper  was  published 
in  1866,  and  was  followed  in  186S  by  an  elaborate  discussion 
of  the  whole  problem  by  van  der  Willigen,  whose  paper  is 
valuable  mainly  for  a  particularly  elaborate  review  of  sources 
of  error.  Like  his  predecessors  he  used  Xobert's  gratings,  but 
as  the  construction  of  his  spectrometer  conlined"  his  angular 
measurements  to  the  deviation  on  one  side  of  the  normal,  their 
accuracy  may  be  open  to  some  question,  while  his  standard  of 
length  was  anything  l)ut  I'eliable,  as  it  was  a  glass  scale  only 
three  eentinieters  long  and  the  only  assurance"  of  its  accuracy 
was  the  certificate  of  the  maker  that 'it  was  "  tres  exacte  "  at  50° 
Centjgi'ade.  For  one  or  both  of  the  above  reasons  van  der 
Willigen's  residts  were  larger  than  any  which  have  been  ob- 
tained, before  or  since  his  time. 

In  the  same  year  appeared  Angstrom's  great  research  which 
has  so  long  served  as  the  standar<l  in  all  (juestions  of  wave 
length.  It  is  hard  to  say  too  much  of  the  conscientious  and 
painstaking  experiments  on  which  his  results  were  based,  and 
any  want  of  accuracy  in  the  final  result  was  due  to  no  lack  of 
skill  or  care  on  his  part  but  rather  to  the  imperfect  instruments 
with  which  he  was  obliged  to  work.  Like  every  one  before 
him  he  used  Robert's  giutings  and  in  spite  of  the  fact  that  like 
all  Robert's  gratings  they  gave  very  imperfect  definition  and 
showed  numerous  "ghosts,"  his  results  were  more  than  usually 
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consistent.  But  in  spite  of  all  AngstWini's  care  the  event  has 
shown  that  his  wave  lengths  are  in  error  bv  as  much  as  one 
part  in  seven  or  eight  thousand  mainly  through  an  ei-ror  in  the 
assumed  values  of  his  standards  of  length.  Angstn'lm  measuivd 
his  gratings  by  means  of  a  dividing  engine  the  screw  of  which 
was  very  exactly  determined  by  comparisons  resting  on  tlie 
Upsala  meter  which,  in  turn,  had  lieen  compared  by  M.  Tresca 
with  the  prototype  of  the  Conser\-atoire  des  Arts  et  Metiers. 
Had  this  comparison  given  the  correct  value  of  the  Upsala 
meter  Angstrtmi's  wave-lengths  would  have  been  very  nearly 
exact  except  for  corrections  due  to  errors  of  ruling  in  the  grat- 
ings. 

After  Angstrom's  research  the  question  of  absolute  wave- 
length was  not  seriously  raised  for  ten  years,  when  Mr.  C.  S. 
Peirce  under  the  auspices  of  the  Ignited  States  Coast  Survey 
again  attacked  the  problem,  armed  with  Rutherfurd  gratings 
far  superior  to  those  used  in  any  previous  research.  No  official 
report  of  his  very  elaborate  and  exhaustive  experiments  has 
ever  been  published  save  a  very  brief  preliminary  report  in  the 
American  Journal  of  Science  in  1879.  Such  of  his  results  as 
have  been  made  in  any  way  public  will  be  discussed  in  the 
experimental  ])art  of  the  present  jmjier. 

Meanwhile  Thalen,  who  so  efficiently  aided  Angstrrtni  in  his 
work,  has  taken  up  the  part  of  it  left  micompleted  by  the  lat- 
tei''s  death  and  in  his  paper  "  Sur  le  Spectre  du  Fer,"  published 
at  Upsala  in  1S85,  has  discussed  the  c(jrrections  which  must  be 
applied  to  Angstrom's  values  by  reason .  of  the  error  in  the 
Upsala  meter.  It  seems  that  through  the  experiments  of  Pro- 
fessor Lindhagen,  Angstnim  l)ecame  aware  as  early  as  1872 
that  the, assumed  value  of  his  standard  was  considerably  too 
small.  His  death  prevented  his  verification  of  M.  Lindhagen's 
results  and  nothing  further  was  done  till  Thalen  took  up  the 
work.  Tresca's  comparisons  had  shown  that  the  true  length  of 
the  Upsala  metre  at  0°  was  999-81""".  But  the  very  exact  ex- 
periments of  M.  Lindhagen  have  shown  the  above  to  be  some- 
what too  small  and  that  the  correct  value  is  999'9-±.  This  dif- 
ference makes,  of  course,  a  marked  error  in  the  wave-lengths 
based  on  Tresca's  results.  Applying  the  appropriate  correc- 
tion,^ the  wave  length  of  E,  the  line  most  carefully  determined 
by  Angstrom,  becomes 

5269-80, 
instead  of  the  original  5269'12. 

This  final  result  of  Angstrom  is  certainly  entitled  to  con- 
siderable respect  and  seems  to  be  subject  only  to  those  correc- 
tions which  may  be  due  to  irregularities  in  the  gratings.  These 
were,  however,  so  poor  comjiarcd  with  the  gratings  of  tii-ilay. 
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1821 

fraiinhofer. 

1823 

i'rauiLliofer. 

182.-; 

Fraimliofor. 

1835 

Schwerd. 

1849 

Stokes. 

that  such  corrections  would  necessarily  be  of  inicertaiii  magui- 
tiide. 

At  all  events  it  is  (juite  sure  that  of  the  wave-length  deter- 
minations made  up  to  ISSO,  those  of  Peirce,  and  Angstrcim 
corrected  by  Thalen  are  liy  all  odds  the  best.  ( )f  the  two, 
Peirce's  is  probably  the  better  by  reason  of  better  gratings,  but 
his  work  will  be  discussed  in  another  part  of  this  paper  in  con- 
nection with  the  very  recent  works  of  Miiller  and  Kempf  and 
Kurlbaum,  which  merit  more  extended  study  than  would  be  in 
place  at  this  point. 

A  tolerably  complete  bibliography  of  the  subject  up  to  date 
is  annexed.  '  Many  of  the  papers  are  of  little  except  historical 
value,  but  they  will  at  least  exhibit  the  various  methods  em- 
ployed and  the  growth  of  exact  e.xperimentation. 

Denkschr.  d.  ..\kad.  d.  Wiss.  zii  Munchen,  viii,  Heft.  II,  38. 
"  Neue  Modidkatiou  des  Lichtes  durcii  gegenseitige  Ein- 
wirkuus'  uud  Beuj;uDg  der  Strahlen  uud  Gesetze  derselben." 

Schumacher's  asliouomische  Abliandhiufren,  li,  46. 

Gilbert's  Annalen,  Ixxiv,  337.  "Kurzer  Bericht  von  deu 
Resultaten  ueiierer  Tersuche  iiber  die  (Jesetze  des  Lichtes 
und  die  Theoiie  derselben." 

"Die  Beup:ungserscheinuugeu  "  (Mannheim). 

Athenaeum  No.  1143.  Inst,  xvii,  36S.  --On  the  Determina- 
tion of  the  Wave  Length  correspoLiding  with  any  Point  of 
the  Spectrum." 

Proc.  Roy.  Soc,  vi.  43;  Phil  Mag.,  IV.  i,  570.  "Descrip- 
tion and  Purpose  of  the  iilas.s  Plate  which  bears  the  In- 
scription :  Longitudo  et  celeritas  u[idularum  hicis  cumin 
aere  turn  in  vitro." 

Pogg.  Ann.,  l.xxxv,  83.  ''Ueber  eiiie  Glasplatte  mil  Thei- 
lungen  zur  Bestimmung  der  Wclleiilange  und  relativeu 
Geschwindigkeit  des  Lichts  in  iler  Luft  und  ini  Glase." 

Potrg.  Ann.,  Ixxxviii.  519.  ■' Ueber  die  Wellenlange  und 
Oscillationszahlen  der  farbigen  Strahlen  im  Spectrum." 

Berlin  .Monatsber.  757.  '■  Ueber  die  Messung  der  Wellenlange 
des  ultra violetten  Lichts." 

Pogg.  Ann.,  .xcviii,  513,  Ann.de  Chim.  c.  d.  Phys..  Ill,  1,  121, 
'■  Eine  Wellenmessung  im  Spectrum  jenseits  des  Violetts." 

I'ogg.  Ann.,  xcviii,  353,  scix,  159.  .■\nn.  deCliim  e.  d.  Phys., 
Ill,  xhx,  504  ■'  Die  breclibarsten  oder  unsichtbaren  Licht- 
strahlen  in  Beugungspectruni  und  ihre  Wellenliinge." 

Pogg.  Ann.,  cxviii.  6-11.  ■•  Bestinimung  der  Wellenlange 
einiger  lieller  Spectrallinien." 

C.  R.,  Ivi,  138.  ■■  Determination  de  longueur  d'onde  de  la 
raie  A." 

C.  R..  Iviii,  nil.  Determination  des  longueurs  d'onde  des 
rayons  luniineux  et  des  rayons  ultraviolets. 

Ann",  de  I'Ecole  normale,  i,  219,  Recherches  sur  la  determina- 
tion des  longueurs  d'onde 

Mondes.  v,  181.  '-Theoriedes  bandes  d'iuterference  *  »  » 
Longueur  d'onde  de  la  raie  .\."  *  *  * 

Ber.  d.  Wieu.  Acail.,  1,  Heft  2,  31.  Pogg.  Ann.,  exxii,  631. 
'Ueber  die  Dispersion  des  Lichtes  durch  Drehung  der 
Polarizationsebeni'  im  Quarz." 

C.  R.,  Iviii,  1153;  lix.  352.  ■•  Memoire  sur  la  determination 
des  longueurs  d'onde  dea  raies  dn  spectre  solaireau  moyeu 
des  bandes  d'interference.'' 


1851      Xobert. 


1851     Nobert. 


1852     Drobisch. 


1853     Esselbach. 


1856     Esselbach. 


1856     Kisenlohr. 


18G3     .MuUer. 
1 863     Mascart. 


1864      Mascart. 


1864     .Mascart. 


1864     Bernard. 
1864     Stefun. 


1864     Bernard. 
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1864 

Ditscheiner. 

18G4 

Angsli-om. 

1866 

Ditscheiner 

1866 

Masoart. 

1868 

Mascart. 

1868 

van  der  W 

1868 

Angstrom. 
Ditscheiner 

1879 

Peirce. 

1884 

Thalen. 

1886 

Miiller  and  I 

1886 

de  Lepinay. 

1881 

Bell. 

1887 

Kurlbaum. 

Ber.  d.  W'lou  Acad  ,  1.  Heft  2,  296.  "  Bestimmiing  der  Wel- 
len  lange  der  Frauiiliofer'schen  Linien  des  Sonnenspec- 
trnins." 

Pogg.  Ann.,  oxxiii,  4.s9.  (Efvers.  af  F5rhaudl.  (1863)  41. 
"  Neue  Bestimmiins-  der  Liiage  der  Liohtwellen  nebst  eine 
Metliodeaiif  Optischi-u  Wi-ge  diefortsclireitende  Bewegnng 
des  Sonnensvstems  zii  bestunmen." 

Ber.  d.  Wien.  Acad.,  lii,  Heft  2.  289.  "  Eine  absolute  Bestim- 
miing  der  Welleulauge  der  Fraunhofer'schen  D  Linien." 

Ann.  de  I'Kcole  normale,  iv,  7.  'Recherche?  .sur  la  determi- 
nation des  longneurs  d'onde." 

Ann.  de  Chim.  e.  d.  Phys.,  IV,  xiii,   186.     •'  Note  sur  difter- 
euts  travaux  relatifs  aiix  longueurs  d'onde." 
ligea.     Arch,  du  Musee  Teyler.  i,  1,  57,  280.       "  Memoire  sur 
la  Determination  des  longueurs  d'onde  da  Spectre  Solaire." 

Upsala,  1868.     ■'Recherehcs  sur  le  Spectre  Solaire." 

Ber.  d.  Wien.  Acad..  Ixiii,  heft  2,  265.  "  Zur  Bestimmung 
der  Wellenliinge  der  Fraunhofer'schen  Linien." 

Am.  .Tour.  Sci.,  Ill,  xviii,  51.  '•  Note  on  the  Progress  of  Ex- 
periments fur  comparing  a  Wave  length  with  a  Metre." 

Upsala,    1885.     "  Sur  le  Spectre  du  Fer   obtenu  a  I'aide  de 
Fare  electrique.''  p.  18. 
Miiller  aud  Kempf.     Publicationen  d^'S  Astrophysikalischen  Observatoriums 
zu   Potsdam,  v.     '■  Bestimmung  der   Wellenlange  von  300 
Linien  ini  Sonneuspectriira." 

Jour,  de  Ph.,  II.  v,  41 1.  ■'  Determination  de  la  valeur  absolue 
de  la  longuenr  d'onde  de  la  raie  D-." 

Am.  Jour.  Sci,  III.  xxxiii,  167.  "On  the  absolute  Wave 
length  of  Light.  " 

Berlin,  18S7.  "  Be.stimmuug  der  Wellenlange  einiger  Frauu- 
hofer'schea  Linien." 

In  general  the  determination  of  al)sohite  wave-length  involves 
two  quite  distinct  ])roblenis — tirst  tlie  precise  determination  of 
some  quantity  which  is  an  exact  function  of  the  wave-length 
and  some  other  linear  dimension ;  and  second,  the  reduction 
of  this  dimension  to  tei'ins  of  some  recognized  standard  of  length. 
The  lirst  process  can  he  made  to  give  relative  wave-lengths  with 
a  very  high  degree  of  accuracy,  and  is,  in  nearly  every  case, 
more  exact  than  the  second,  whicli  constitutes  the  main  diffi- 
culty of  the  investigation.  It  is  because  the  diffraction  grating 
lends  itself  readily  to  linear  measurement,  that  its  use  is  prefer- 
able to  the  other  interference  methods  which  involve,  usually, 
the  exact  detenu intiti on  of  a  .single  very  small  linear  (juantity. 
The  ingenious  attempt  of  M.  de  Liipinay*  to  avoid  this  difficulty 
is  interesting  theoretically  but  practically  it  involves  a  quantity 
even  more  uncertain  than  the  average  standard  of  length — the 
relation  between  the  kilogram  and  the  meter — to  say  nothing 
of  the  experimental  difficulties  of  the  method.  The  angular 
measurements  of  nearly  all  the  later  investigators"  have  been 
quite  good  enough  to  furnish  very  exact  values  of  wave-length, 
but  in  every  case  it  has  been  the  measurement  of  the  grating 
space  that  has  produced  the  manifold  errors  and  discrepancies 

*  Journ.  Phys..  II.  v,  411. 
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in  the  results.  It  has  been  tlie  aim  of  the  present  research  to 
investigate  this  fruitful  soui-ce  of  errors  and  as  far  as  possible 
to  avoid  the  difficulties  spriuiiing  from  it. 

In  a  pre\'ious  ])ai)er,*  I  biietiy  discussed  the  advantages  of 
transmission  and  reflection  icratings.  It  only  remains  to  add 
that  further  experience  has  couHnced  me  that  not  only  are  the 
specuhxm  metal  gratings  far  siiperior  in  brilliancy  and  sharp- 
ness of  definition,  but  that  it  is  possible,  contrary  to  what  one 
might  suppose  from  their  large  coefficient  of  ex|3ansion.  to  rule 
them  with  almost  ]ierfect  uniformity,  over  a  length  as  great  as 
a  decimeter.  This  large  size  too,  gives  a  great  advantage  in 
determining  the  grating  space,  aside  from  the  fact  that  speculum 
metal  has  a  coefficient  of  expansion  not  widely  different  from 
that  of  any  one  of  the  materials  usually  employed  for  standards 
of  length,  and  that  its  temperature  can  be  olitained  with  com- 
parative ease. 

Methodx  ((nil  Inatruiiifiifs. 

The  plane  grating  can  l>e  used  for  wave-length  measurement 
in  a  variety  of  ways  according  to  the  preference  of  the  in- 
vestigator or  the  arrangement  of  the  spectrometer.  Five  tol- 
erably distinct  methods  may  be  enumerated.  The  general  re- 
lation between  the  wave-length  and  the  angles  of  incidence  and 
diifraction  is  < 

A  =  ^■(sin  i  +  sin  [qj  —  0)  — 

n 

Where  ).  is  the  wave-leno;th,  •>-•  the  grating  space.  /  and  (p  the  an- 
gles of  incidence  and  diffraction  respectively,  and  /*  the  order  of 
the  spectrum  observed,  ilaking  /=0°  this  at  once  becomes 
the  ordinary  formula 

A   =    —  s  sui  q) 

It, 

which  ap])lies  to  the  two  methods  of  normal  incidence,  one  in 
which  tlie  grating  is  kept  accurately  perpendicular  to  the  col- 
limator;  the  other  in  which  it  is  kept  perpendicular  to  the  ol)- 
serving  telescope. 

Next  is  the  method  tised  by  Angstnim  in  which  /  is  not 
reduced  exactly  to  0°,  but  measm-ed  and  retained  in  the  for- 
mula, the  grating  in  this  case  lieing  kept  nearly  perpendicular 
to  the  collimator.  In  this  method  a  reading  on  the  slit  is  nec- 
essary, and  if  a  and  a  are  the  readings  on  the  circle,  and  M 
that  on  the  slit,  the  working  formula?  are : 

a  +  a'  ,,  v-        -,   a  —  a' 

! —   M   =    f)  and =    qi 

a  2 

*  Am.  Jour.  Sei.,  III.  .•ctxiii,  167. 
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tlieu,  if  I  is  as  before,  tlie  angle  of  incidence, 

A   =   —  s  sin   cp  cos  (i    +    d) 
n 

sin   <■  =   siii(i    +    8)  cos  q) 

cos   «/  V- 

tan  I   = ^ —   o 

1    —  cos   cp 

In  tlie  fourtli  nietliod  also,  i  is  retained,  but  given  a  definite 

value.     Putting  tlie  general  formula  in  the  form, 

A   z=  1   2  .sin   ^   co,(i-^] 
the  deviation  represented  l)y  the   angular  term    will  evidently 
be  a  minimum  when  i  =  '^.      If  then  one  observes  in  the  posi- 
tion of  minimum  deviation, 

A  =  -i   2  «  sin  ^ 
M  2 

In  the  fifth  method  collimator  and  observing  telescope  are  kept 
at  a  fixed  angle  with  each  other  and  the  grating  is  turned.  In 
this  case  iff  is  the  angle  of  deviation  and  d  the  angle  be- 
tween the  telescopes 

1  •  ^ 

A   =   —  i  s  s\n   (v  cos  — 

w  2 

These  methods  are  general  and  the  choice  between  them  is 
simply  a  question  of  the  convenient  application  of  the  appa- 
ratus at  hand.  Probably  the  first  and  the  second  methods  are 
the  most  generally  useful,  while  the  third  is  the  most  objec- 
tionable. The  method  of  minimum  deviation  slightly  increases 
the  experimental  difficulties,  but  often  improves  the  defini- 
tion of  the  gratings  and  is  capal>le  of  giving  very  exact  re- 
sults. The  last  method  is  applicable  only  when  the  spectrom- 
eter is  so  rigid  as  to  ensure  the  permanence  of  the  angle 
between  the  telescopes.  AYhen  this  condition  is  fulfilled,  how- 
ever, the  method  is  very  valuable,  since  it  reduces  the  moving 
mass  to  a  minimum  and  allows  the  method  of  repetition  to  be 
readily  used. 

In  the  present  research  for  the  work  with  glass  gratings  the 
second  method  was  selected  as  best  suited  to  the  ari'angement 
of  the  spectrometer.  Tliis  was  a  very  good  instrument  by 
Meyerstein.  The  circle  is  82™  in  diameter,  divided  on  silver 
to  6'  and  reading  by  two  microscopes  directly  to  2"  and  by 
estimation  easily'to  within  1".  The  collimating  and  observing 
telescopes  are  "of  i""  clear  aperture  and  about  35""  focal 
leno;tli,  well  corrected  and  finnly  su])ported. 

For   the  second  part    of  the*  work,  with   speculum    metal 
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gratings,  it  was  desirable  to  use  gratings  of  the  largest  size 
practical)le,  far  larger  thair  could  be  used  on  tlie  above  de- 
scribed instrument,  both  liy  reason  of  the  small  aperture  of 
the  telescope  and  the  inaliility  of  the  grating  holder  to  carry 
the  requisite  mass  steadily.  This  part  of  the  work  was,  there- 
fore, carried  out  on  a  very  large  instrument,  designed  by  Prof. 
Rowland  esjiecially  for  using  gratings  of  the  largest  sizes  as 
yet  ruled.  This  instrmnent  'lias  virtually  tixed  telescopes, 
.solidly  clamped,  with  a  small  lateral  range  of  adjustment,  to  a 
T-shaped  casting  bedded  in  cement  which  in  turn  forms  the 
tojj  of  a  large  brick  pier  resting  on  a  stone  slab. 

The  telescopes  are  of  104™  clear  aperture,  and  about  2-5 
meters  focal  length  and  the  objectives  are  of  excellent  quality. 
Each  telescope  is  fastened  to  an  arm  of  the  T,  which  has  a 
total  length  of  over  2  meters,  and  bears,  at  the  extremity  of  the 
sbaft  the  spectrometer  proper.  This  is  an  instrument  by  Schmidt 
and  Ilaensch,  having  a  circle  32'^"'  in  diameter  divided  to  6' 
and,  as  in  the  other  spectrometer,  reading  by  two  microscopes 
directly  to  2"  and  by  estimation  to  less  than  half  that  amount. 
The  original  central  platform  had  been  removed  and  replaced 
by  a  grating  holder  large  enough  to  carry  if  necessary  a  6  inch 
grating.  Such  an  apparatus  limits  one,  of  course,  to  the  tifth 
method,  but  so  rigid  is  tlie  whole  affair  that  experience  soon 
showed  that  the  angle  between  the  telescopes  did  not  change 
by  any  apj)reciable  amount.  The  circle,  however,  was  not 
finely  enough  graduated,  nor  were  the  microscopes  of  suificient 
power  to  derive  the  fullest  benefit  from  the  size  of  the  tele- 
scopies ;  over  and  over  again  lias  the  line  in  the  spectrum  ap- 
peared slightly  displaced  from  tlie  crosshairs,  when  no  differ- 
ence whatevei-  could  Ije  detected  in  the  micrometer  readings. 
However,  there  was  gained  tlie  great  advantage  of  using  grat- 
ings of  a  decimeter  in  length,  giving  spectra  of  great  Itril- 
liancy  and  superl)  definition,  and  which  could  l>e  measured 
with  vastly  gi-eater  exactness  than  is  possible  with  the  small 
gratings  generally  employed. 

Grathujs. 

Four  gratings  have  been  used  in  my  experiments — two  of 
glass  and  two  of  speculum  metal.  The  former  are  probably 
the  best  of  the  very  few  glass  gi-atings  that  have  been  ruled  on 
Prof.  Rowland's  engine.  They  are  ruled  on  plane  sextant 
mirrors  of  rather  hard  glass. 

Grating  I,  contains  12,1()0  spaces  in  a  length  of  very  nearly 
thirty  millimeters,  the  lines  being  nineteen  millimeters  long. 
It  was  ruled  in  Jan.,  ISS-t,  at  a  "temperature  of  6°-T  C.  gives 
spectra  of  excellent  definition,  quite  free  from  ghosts  or  false 
lines,  and  having  almost  exactly  the  same  focus  on  both  sides 
of  the  normal. 
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Grating  II  has  StiUO  spaces  with  aliuost  exactly  the  same 
length  and  breadth  as  I,  is  free  from  ghosts  and  false  lines  and 
like  I,  is  very  smoothly  ruled,  though  it  is  somewhat  inferior 
to  I  in  the  matter  of  regularity.  The  definition  is  excellent 
and  the  spectra  alike  in  focus  on  both  sides  of  the  normal.  It 
was  ruled  in  Xov.,  1884  at  ll°-(i  C. 

Gratings  III  and  IV  are  on  speculum  metal.  The  plates  are 
live  inches  square  and  five-eighths  of  an  inch  thick,  and  were 
worked  plane  with  especial  care.  The  ruled  surface  is  of  the 
same  size  in  each,  f<iur  inches  long  liy  two  inches  length  of 
lines. 

Grating  III  was  ruled  in  April,  1885,  at  a  very  nearly  con- 
stant temperature  of  H>°  C.  It  contains  29,0(10  spaces,  having 
very  nearly  the  same  grating  space  as  II.  It  is  a  phenomenal 
grating  both  in  its  superb  detinition  and  extraordinary  regular- 
ity of  ruling,  and  was  selected  from  a  large  number  because  of 
its  very  unusual  ]ierfection.  The  focus  of  the  s])ectra  on  each 
side  of  the  normal  is  the  same  and  the  ruling  is  lawless. 

(Trating  IV  was  ruled  on  the  new  dividing  enijine  just  com- 
pleted  by  Prof.  R<jwland,  and  was  one  of  the  tirst  large  ones 
completed.  While  the  new  engine  has  even  now  not  received 
the  finishing  touches,  it  has  turned  out  a  few  gratings  of  re- 
markable excellence.  One  of  these  is  IV,  whic-li  was  ruled  in 
Dec,  18ST,  at  a  constant  temperature  of  17°"2  ('.  It  contains 
4o,000  spaces  within  the  same  dimensions  as  III,  is  ecpial  to  it 
in  detinition,  and  but  very  little  inferitir  in  regularity  of  ruling. 
It  has  very  nearly  the  same  focus  on  both  sides  of  the  normal, 
and  the  ruling  is  wondei'fully  even  and  perfect. 

It  should  be  noted  that  these  four  gratings  are  widely  di- 
verse, being  ruled  at  different  temperatures  antl  under  different 
conditions.  I  and  II  were  ruled  to  widely  diverse  grating 
spaces  on  diJferent  parts  of  the  screw.  III  was  on  speculum 
metal  and  with  more  than  six  times  the  ruled  surface  of  I  or 
II,  and  finally  I^'  was  ruled  to  a  new  grating  space  on  a  new 
dividing  engine.  These  differences  may  not  favor  close  agree- 
ment in  the  experimental  results,  but  they  certainly  serve  to 
eliminate  anything  like  systematic  errors  due  to  the  gratings. 

The  above  gives  a  general  view  of  the  gratings  employed, 
but  some  further  details  will  be  mentioned  in  the  second  part 
of  this  paper  in  connection  with  the  determination  of  the  grat- 
ing spaces. 

On  the.  Standards  of  Lmijth. 

Very  many  of  the  discrepancies  in  the  determinations  of  ab- 
solute wave-lengths  are  the  direct  result  of  iinceTtainty  in  the 
standard  of  length  em])loyed.  The  cases  of  Angstrihn  and 
van  der  Willigen  have  been  already  alluded  to,  and  the  same 
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source  of  error  is  common  to  all  other  determinations.  _  It 
seems,  therefore,  desirable  to  give  at  some  length  the  various 
comparisons  on  which  the  wave-length  as  given  by  ray  experi- 
ments is  based.  Reserving  for  the  present  the  actual  meas- 
urement of  the  gratings,  wliich  is  a  comparatively  simple  mat- 
ter, I  will  therefore  discuss  the  standards  directly  employed, 
their  relations  to  the  Metre  des  Archives  as  found  by  various 
comparisons,  and  finally  the  changes  which  have  taken  place  in 
those  relations  since  they  were  iirst  determined. 

The  standards  with  which  the  gratings  have  been  directly 
compared  are  two  double  decimeters  on  speculum  metal,  desig- 
nated respectively  S%  and  S\.  They  were  graduated  and  com- 
pared by  Prof.  W.  A.  Rogers  in  1SS5.  The  bar  S,  is  23='" 
long  and  bears  near  its  edge  the  double  decimeter  S%,  subdi- 
vided to  centimeters.  The  defining  lines  are  less  than  1  ii  in 
width  and  beautifully  sharp  and  distinct.  S,  is  27™  long  and 
is  graduated  in  the  same  way,  with  lines  of  the  same  width. 
Both  standards  are  of  the  same  speculum  metal,  and  are  of 
very  nearly  the  same  mass,  while  the  surfaces  and  gra.luation 
leave  Kttle  to  be  desired.  The  coefficient  of  expansion  of 
these  bars  was  very  thoroughly  investigated  by  Prof.  Rogers 
and  was  found  to  be,  ^ 

17-946/(  per  meter  per  degree  G. 

The  al)solute  lengths  of  S%  and  S%  depend  on  long  series  of 
comparisons  with  Prof.  Rogers's  bronze  yard  and  meter  R,  and 
steel  copies  thereof.  Upon  the  relation  existing  between  R^ 
and  the  Metre  des  Ai-chives  depends  then  the  absolute  value 
assigned  to  the  wave-length  of  light,  since  the  close  agreement 
of  the  various  series  of  comparisons  executed  by  Prof.  Rogers 
between  R.,  and  the  sY>eculum  metal  standards  show  that  no 
sensible  uncertainty  exists  in  the  relations  fietween  thenu  _      ^ 

The  yard  and  meter  R„  is  of  the  alloy  known  as  Bailey  s 
metal,  this  being  the  material  of  the  Imperial  Yard  and  many 
other  standards.  The  graduations  are  upon  platinum  iridium 
plugs,  the  polished  faces  of  which  are  in  the  plane  of  one  sur- 
face of  the  bar  when  supported  at  its  neutral  points.  The 
relation  of  the  meter  R„  to  the  Metres  des  Archives  rests  on  a 
very  large  number  of  comparisons  made  with  two  entirely  in- 
dependent secondary  standards ;  the  copper  meter  designated 
T,  and  the  brass  yard  and  meter  designated  C.  S.  A  full  ac- 
count of  these  comparisons  is  contained  in  vol.  xviii^  of  the 
Proceedings  of  the  American  Academy  of  Arts  and  Sciences. 

The  meter  T  is  on  platinum  plugs  in  a  pure  copper  bar  and 
was  traced  and  compared  by  M.  Tresca  in  ISSCi,  from  the  Con- 
servatoire line  meter  No.  19,  the  relation  of  which  to  the  Metre 
des  Archives  was  very  exactly  known. 
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The  yard  ami  meter  V.  S.  has  its  graduations  on  silver  phigs 
in  a  lirass  bar.  The  yard  was  compared  directly  with  the  Im- 
perial Yard  in  1880,  and  the  standard  was  then  sent  to  Bretenil 
where  it  was  compared  with  tlie  International  Meter  by  Dr. 
Pernet. 

There  were  thus  two  completely  independent  sources  from 
which  the  relation  of  Il„  to  the  Metre  des  Archives  could  be 
obtained.  The  results  derived  by  very  elaborate  comparisons 
with  each  of  these  were  as  follows  : 

FromT      R„-A„=+  l-5^(  \  c,        ,, 

F/~i  c   D"      t         ,    11      -at  Jo    o/  L. 
rem  C.h.  K„— A^=-|-  l'l/(  ( 

Where  A„  is  the  Metre  des  Archives.  In  addition  to  the 
veiy  close  agreement  of  the  above,  further  evidence  was  ob- 
tained by  deriving  the  relation  between  the  yard  and  meter 
from  Il„.  the  yard  Y\,„  having  been  exactly  determined  by  com- 
parisons with  C.  S.  and  with  "  Bronze  11,''  one  of  the  primary 
copies  of  the  Imperial  Yard,  which  liad  l)een  recompared  with 
that  standard  in  1878. 

From  the  comparisons  of  S,  and  S^  made  in  1885  the  follow- 
ing value  of  those  standards  were  deduced  : 

S%  -I-  0-98/(  =  4.A„,  and 
S%  -I-  0-2/<  =  i.\„.     Hence 
S*,  =  S^,  -I-  0-78/<,  and  for  the -first  decimeters 

were  found  the  relations  : 

Dra,S%  +  0-05/<  =  tVA.  ^vhence 
Dm,S\-0-01/(  =  ^A„  "lence, 
Dm^S\'  =  Dm,S%  -I-  0-06/^ 

On  these  ecpiations  were  based  the  results  embodied  in  my 
former  paper.  In  the  latter  jiart  of  May,  1887,  these  standards 
were  veiy  carefully  compared  with  each  other  and  with  a 
speculum  metal  l)ar  graduated  by  Prof.  Rowland,  as  I  desired 
to  take  one  or  more  of  the  standards  to  Berlin  during  the  sum- 
mer in  order  to  get  a  comparison  with  the  standard  used  by 
Miiller  and  Kempf . 

The  results  of  this  examination  were  of  a  somewhat  startling- 
character,  as  follows : 

S%r=S^,  -I-  1-2//,  direct 

S*„  =  S^j  4-  l'l/(,    tlirough  the  Rowland  bar 
designated  Rg.     Also, 

Dm,S%  =  Dm,S=',  -f  1-7;/,  through  R„ 

In  1885  Rogers  had  found  for  tlie  relation  between  the  two 
decimeters  of  each  bar: 

Dni„S^,  =  Dm,S\  —  0-56/< 
Dnl^S^,  =  Dm.S%  -|-  0-4G/< 
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I  now  found  for  tlie  same  (juantities  : 

Dm„S^,  =  Dni.S",  +  0-G4/(,   direct, 
Dm>\  =  Dm  S»^  +  0-6<)/(,  from  R,, 
Dni,"S'.,  =  Dm,,S\  +  V60//,  direct 
Dm'S'',  =  Dni",S''„  +  l-65/(,  from  R,, 

All  these  relations  being  for  l(i°-6T  C. 

The  standard  S\  was  taken  to  Berlin  during  the  summer 
and  throuo-h  the  kiiidness  of  Dr.  Nieljerding.  Director  of  the 
JSTormal  Aichnngs  Commission,  I  was  enabled  to  ha\'e  it  com- 
pared with  Pt„  the  standard  meter  to  which  the  wave  length 
measurements  of  Miiller  and  Kempf,  and  Kurll)aum  liad  been 
referred.  From  this  comparison  was  derived  the  relation  : 
S%  -  l-68/(  (±0-1.5a()  =iA„ 

On  returning  to  Baltimore  the  first  step  was  to  redeterniine 
the  length  of  S''„.  A  series  of  comjwirisons  was  therefore  insti- 
tuted between  i't  and  the  steel  yard  and  meter  A„  the  relation 
of  which  to  K  was  accurately  known.  A,  having  lieen  traced 
and  determined  by  Prof.  Rogers  and  furnished  l)y  him  to  the 
Johns  Hopkins  University.  "Only  half  of  this  standard  is  sub- 
divided to  decimeters  but  a  series  of  comparisons  with  the 
various  pairs  of  decimeters  gave  the  relation. 

This  result  taken  together  with  the  relations  found  between 
S^  and  S%  made  it  tolerably  clear  that  a  change _  had_  taken 
place  in  the  speculum  metal  standards,  and  to  obtain  a  further 
confirmation  Prof.  Rogers  kindly  consented  to  give  them  a 
rio-id  examination  and  again  compare  them  with  all  attainable 
accuracy  to  R„.     His  results  for  S^',  were  as  follows : 

Dm,S%  =  Dm„S\  -I-  l-70/( 
S%  +  l-0/'  =  iA„ 

There  is  no  escape  from  the  conclusion,  therefore,  that  the 
speculum  metal  bars  S,  and  S,  have  changed  both  in  absolute 
length  and  the  relative  lengths  of  their  parts.  Here  are  two 
bars  of  the  same  shape,  mass,  material,  and  constant  of  expan- 
sion. Each  had  the  relation  between  its  halves  determined  m 
the  early  part  of  1885.  Two  years  later  these  relations  are 
found  to  have  changed  l)y  at  least  1/i,  and  an  independent  de- 
termination l)v  the  original  observer  confirms  this  result  in  the 
most  unequivocal  way!  Further,  the  original  observer  reconi- 
pares  one  of  these  standards  with  the  standard  from  which  it 
was  originally  determined  and  finds  a  change  of  1/i. 

It  should  1)6  borne  in  mind  that  with  the  comparator  used 
by  me  in  this  work,  1//  is  completely  outside  of  any  possible 
errors  of   observation.     The   microscope  used  was  especially 
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made  for  micrometric  work  and  lias  a  power  of  two  hundred 
and  fifty  diameters,  while  one  division  of  the  micrometer  e(|nal,s 
0"28^.  The  average  error  of  a  sinyle  comparison  between  two 
decimeters  is  rarely  greater  than  <>"l/i,  while  the  temperature  of 
the  observing  vault  can  be  kept  for  several  days  constant 
within  0°-5  C.  and  during  a  day's  observations  usually  remained 
constant  within  half  that  amount.  The  bars  under  comparison 
were  side  by  side,  s^^nmetrica^v  placed  with  reference  to  the 
illumination,  and  were  at  temperatures  very  near  to  lf!°'67,  at 
which  they  were  standard. 

The  facts  then  concerning  the  speculum  metal  liars  are 
these  :  In  about  two  and  a  half  years  S",  has  shortened  by 
very  nearly  l"()/«  and  S",  by  a  little  over  that  amount.  In 
S%  this  change  has  taken  place  exclusively  in  the  last  decimeter 
and  in  S",  it  has  been  confined  to  the  first  decimeter. 

The  apparent  slight  increase  in  Dm,S-\  and  Dm.S'',  I  do  not 
regard  as  beyimd  the  effect  of  the  experimental  errors.  The 
changes  in  the  lengths  of  the  sulidivisions  of  these  standards 
are  very  curious  and  some  explanation  may  be  offered  by  the 
fact  that  the  bars  were  cast  in  a  nearly  vertical  position  and  an- 
nealed in  sawdust,  a  method  hai-dly  suificient  for  a  material  so 
strongly  crystalline  as  s]ieculmn  metal.  I  think,  however,  one 
is  justified  in  drawing  the  conclusion  that  speculum  metal,  so 
tempting  on  account  of  its  lieautiful  surface  and  the  ex(pi)site 
sharpness  of  the  graduations  drawn  upon  it,  is  a  material  thor- 
oughly unsuitable  for  standards  of  length  by  reason  of  its 
tendency  to  change  with  tune.  I  have  thus  entered  into  some- 
what minute  details  in  the  case  of  these  bars,  liecause  the  whole 
(juestion  of  changes  in  standards  of  length  is  in  a  somewhat 
unsettled  state,  and  it  seems  desiralile  to  put  on  record  this 
case,  which  has  been  in\'estigated  with  more  than  ordinai'y  care 
])y  both  Prof.  Rogers  and  myself,  and  in  which  the  changes 
ff)und  have  taken  place  within  a  comparatively  short  time. 

It  is  quite  well-known  that  in  1S55  this  cjuestion  was  raised 
l)y  Mr.  Sheejishanks,  then  engaged  in  constructing  the  new 
British  standards.  Discrepancies  amounting  sometimes  to  2 
or  Zfi  appeared  in  his  measurements,  but  after  a  consideraljle 
amount  of  study,  these  diiferences  appeared  to  be  too  irregular 
to  be  fairly  ascribal)le  to  actual  changes.  Slight  variations  of 
temperature,  especially  when  the  standards  compared  were  of 
different  materials,  the  lagging  of  the  real  temperatures  of  the 
bars  behind  the  thermometer  indications,  and  particularly  the  ef- 
fect of  coarse  and  sometimes  unsymmetrical  defining  lines,  are 
perhaps  enough  to  account  for  the  observation. 

The  work,  however,  done  on  the  U.  S.  bar  "  Bronze  11," 
as  reported  in  the  report  of  the  Coast  Smwey  for  1877,  seems 
to  show  genuine  change  in  that  standard. 
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A  long  series  of  comparisons  with  the  Imperial  Yard  and  its 
copies  in  1S78,  showed  systematically  a  shortening  relative  to 
the  Imperial  Yard  of  over  4/z.  Although  further  measure- 
ments have  tended  to  somewhat  lessen  this  discrepancy  it 
seems  to  be  suiRcient,  considering  the  fact  that  '•  No.  11 "  'and 
the  Im])erial  Yard  are  of  the  same  sluxj^e,  material  and  mass, 
and  were  compared  on  the  same  apparatus  as  during  the  orig- 
inal comparisons  in  1857,  and  at  nearly  the  standard  tempera- 
ture, to  establish  the  fact  of  a  real  change.  While  3  or  4/^  is 
absolutely  a  small  quantity,  its  systematic  appearance  under 
conditions  almost  identical  with  those  of  the  original  measure- 
ment can  hardly  he  ascril)cd  to  experimental  errors.  The  other 
cases  cited  in  the  above  mentioned  paper  tend  to  confirm  this 
conclusion. 

The  gradual  and  sometimes  very  irregular  changes  that  are 
known  to  take  place  in  Ijoth  the  bulbs  and  stems  of  thermom- 
eters, would  lead  one  to  expect  that  glass  standards  of  length 
would  Ite  liable  to  similar  changes,  though  probal)ly  in  far  less 
amount.  It  was,  therefore,  with  special  interest  that  I  examined 
glass  Decimeters  III  and  lY  belonging  to  the  Coast  Survey,  and 
used  by  Peirce  in  his  wave-length  measurements.  These  scales 
are  on  plate  glass,  of  the  same  dimensions,  and  having  coeffi- 
cients of  expansion  not  widely  different.  A  series  of  compari- 
sons made  at  a  nearly  constant  temperature  of  16°-5  C.  gave 
the  direct  relation 

III  =  IY-h21/( 
While  the  same  relation   deduced  from  Peirce's  direct  com- 
parison by  applying  tlie  coefficients  of  expansion  assigned  by 
him,  is 

III=IV  +  l-3/< 
The  defining   lines    on  both  standards  are  fine  and  sharp,  and 
unless  Peirce's  coefficients  are  grossly  in  error,  the  evidence  of 
change  between  1879  and  1887  is  very  strong  indeed. 

Having  now  the  exact  present  relation  of  S''.,  to  the  original 
standard  R„  it  remained  only  to  investigate  the  difference  be- 
tween this  result  and  the  length  of  S",  as  deduced  from  the 
Berlin  comparisons.  I  have  been  unable  to  obtain  the  details 
concerning  _R,„  the  .standard  used  in  these  comparisons,  but  it 
was  determined  by  comparison  with  the  standard  meter  of 
the  International  Bureau.  The  comparisons  of  S%  with  E,8 
were  carefully  made  by  two  observers,  and  it  is  probable  that 
the  result  represents  the  relation  between  these  standards  with 
considerable  exactness.  It  should,  however,  be  borne  in  mind 
that  the  microscopes  had  power  of  only  50  diameters,  and  that 
the  bars_  in  question  are  of  very  different  material  and  mass, 
thus  giving  a  chance  for  small  errors  due  to  varying  tempera- 
ture. 
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It  is  possible,  however,  to  clieek  this  result  by  referring  S", 
to  the  Berlin  platintini  standard  through  the  medium  oi  the 
Coast  Survey  meter  "  No.  4-!t."  This  latter  standard  was  com- 
pared in  1876  with  meter  Kio.")  and  directly  with  the  platinum 
meter.  The  details  are  given  in  Pi-of.  Foersters  report  con- 
tained in  the  report  of  tlie  C'oast  Survey  for  18T<).  The  result 
of  the  direct  comparison  was 

PI  — "49"=+24--t|/. 

But  now  Prof.  Rogers  has  compared  R„  with  "  -tit,"  obtain- 


ing in  terms  of  the  assumed  length  of  R„ 


R.. 


was. 


'' 49  "  =  A  — 19'o/(,  the  assumed  vahie  of 
R^=  A  -f  l-3/(.       Hence  we  have, 

R„  — "49"=:20-6/(,     from  which  follows, 
PI— Rj  =  .3-8//.      If     now     the     equation 

l)etween  PI  and  the  Metre  des  Archives  established  by  direct 
comparison  in  1860  be  correct : 

A„— Pl  =  — 3-01  //.     And  therefore, 

Rj  —  iK^z=. — 0-8yi/,      a   result    which    is    in 

close  accordance  with  those  derived  from  the  Conservatoire 
meter  and  Type  I  of  the  International  Bureau  by  means  of 
the  Standards  T.  and  V.  S. 

In  my  final  determination  of  wave-length,  I  have  used  the 
mean  value  of  S-^„  as  derived  l)y  the  foregoing  methods.  Col- 
lecting equations, 


,-hO-96A<=4r  A„ 


From  T. 
"     C.  S. 
"     "  49." 
"    R.. 


S%  +  l-04/v=|A, 
S%-f  l-40A/=i  A„ 
S%-l-68    =iA„ 

Giving  to  the  equations  derived  from  C.  S.  and  R,,  twice  the 
weight  of  the  others,  we  have  finally, 

S%  +  0-27A/=iA„. 

I  have  given  the  relations  derived  from  C.  S.  and  R,^  double 
weight  l)ecause  these  standards  liave  been  compared  directly 
with  the  standard  of  the  International  Bureau,  which  now, 
probably,  should  be  regarded  as  the  ultimate  standard  of 
reference.  Es|)ecially  is  this  true,  since  it  is  rumored,  appar- 
ently not  witJiout  foundation,  that  the  Metre  des  Archives  is, 
at  present,  for  some  tmassigned  reason,  undesirable  as  a  direct 
standard  of  reference. 

It  is  unfortunate  that  there  is  not  more  general  uniformity 
in  the  material,  shape  and  mass  of  standards  of  length.  Dif- 
ference in  these  particulars  are  fruitful  sources  of  error  in  com- 
parisons, and  when  one  adds  to  this  the  trouble  arising  from 
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bad  detiiiing  lines  and  imperfect  focus,  the  wonder  is  that  die 
results  are  as  good  as  they  usually  are.  It  is  hard  to  say  wh&t 
material  is  least  lialjle  to  changes,  but  it  is  quite  certain  thai 
substances  of  crystalline  structure,  and  alloys  of  wliicli  the  phys- 
ical properties  are  largely  de])endent  on  a  nearly  delinite  ci  im- 
position, slunild  be  avoided.  Probably  pure  platinum,  silver, 
and  copper,  annealed  with  the  utmost  care,  and  kept  for  some 
years  before  final  graduation,  are  less  likely  to  change  than 
any  other  material  which  we  know.  For  sbort  standards,  possi- 
bly bars  of  native  coppei-,  prepared  with  as  few  strains  as  pos- 
sible, would  give  the  closest  possible  approximation  to  a  mate- 
rial which  has  arrived  at  a  ]iermanent  state. 

Physical  Laboratory,  Jolins  Hopkins  University,  Feb.  22,  18S6. 
[To  be  continued.] 
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This  contimiatioii  of  my  previous  paper  contains  the  angular 
measurements  and  tlie  details  of  the  measurement  and  calibrarion 
of  the  gratings,  together  with  the  final  results.  In  addition  1 
Lave  endeavored  to  point  out  the  probable  sources  of  error  in 
some  recent  determinations  of  absolute  wavedength. 

Angular  Measui'emcnts. 

In  my  former  paper  (this  Journal,  March,  1887)  the  -worlc 
with  glass  gratings  was  described  in  detail,  so  that  it  will  only 
be  necessary  to  summarize  it  here. 

Grating  I  was  used  during  October  and  jSTovember,  ISSO,  and 
forty-eight  series  of  observations  were  obtained  as  follows,  each 
series  consisting  of  three  to  seven  ob.servations. 


Date. 

Number  of 

series. 

Angle. 

Oct.  19, 

1 

45°  1'  47" -e 

20, 

1 

45    1    48  -4 

22, 

3 

45     1    48  -2 

23, 

1 

45     1    49  -8 

26, 

4 

45    1    49  -3 

27, 

3 

45     1    48  -2 

31, 

1 

45    1    50  -1 
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Date. 

No 


e. 

Number  of  series. 

Angle. 

3, 

1 

45°  1'  48''-C 

4, 

3 

45    1    47  -4 

5, 

2 

45    1    47  -9 

10, 

4 

45    1    47  -8 

11, 

0 

45    1    49  -7 

16, 

8 

45    1    48  .2 

IV, 

5 

45    1    47  -5 

20, 

0 

45    1    47  -5 

Grating  I  was  used  at  -aTi  average  temperature  of  very  nearly 
20°,  to  Avliicli  all  observations  were  reduced.  The  average 
barometric  height  was  TGI™",  so  that  no  correction  was  required 
for  this  cause.  Weighting  and  combining  the  above  observa- 
tions the  final  value  is 

9)  =  45"  1'  48'''24±0"-ll, 

corresponding  to  the  spectruni  of  the  third  order. 

The  resulting  probable  error  in  wave-length  is  about  one  part 
in  a  milhon. 

Grating  II  was  used  in  March,  1SS7,  at  an  average  tempera- 
ture of  very  nearly  20°  and  an  average  pressure  of  760'°". 
Thirty-six  series  of  observations  were  obtained  in  the  fourth 
■order,  as  follows : 


Date. 

Kumber  of  series. 

Angle. 

Mar.    6, 

2 

42°  6'     l''-2 

10, 

1 

42    4    58  -0 

11. 

7 

42    5      1-4 

15, 

1 

42    5      4-0 

16, 

6 

42    4    57  -8 

n, 

6 

42    4    58  -5 

IS, 

7 

42    4    59  -1 

23, 

P 

42    4    58  -3 

Comhining  and  weighting,  the  mean  value  is  ■ 

^  =  42°  4'  59'-28±0"-2. 

The  probable  error  is  equivalent  to  about  one  part  in  six  hun- 
dred thousand  in  the  wave-length. 

Both  the  glass  gratings  were  used  exclusively  for  the  line 
D„  which  was  on  the  whole  most  convenient  for  measurement, 
I)„  being  rejected  by  reason  of  the  troublesome  atmospheric 
lines.  The  relative  wave-lengths  of  a  very  large  number  of 
lines  have  been  so  exactly  determined  by  Prof.  Rowland  that 
any  one  of  them  would  have  given  results  equally  valuable,  and 
in  the  sul)sequent  work  with  gratings  III  and  IV,  two  of  these 
standard  lines  were  employed. 

In  this  second  part  of  the  investigation,  the  gratings  as  before 


L.  Bell — Ahsohite  Wave-length  of  Light.  349 

mentioned  were  used  ou  tlie  large  spectrometer  in  -which  the 
telescopes  were  kept  at  a  fixed  angle  and  the  grating  was  tvu-ned. 
This  method  i.^,  of  course,  applicable  only  to  very  solid  instru- 
ments in  which  the  angle  can  readily  be  kept  coiistant,\and  it 
should  bo  further  noted  that  it  also  requires  the  .use  of  very 
perfect  gratings,  since  the  grating  is  used  asymmetrically.  As- 
a  result  of  this  the  spectra  on  the  two  sides  differ  in  dispersion, 
and  if  the  ruling  is  irregular  either  in  spacing  or  in  contour  of 
the  individual  lines,  may  differ  quite  widely  in  focal  length 
definition  and  illumination.  After  critical  examination  gra- 
tings III  and  IV  appeared  to  be  so  nearly  perfect  in  ruling,  as 
to  be  quite  secure  from  tlfg  daagsrs  of  the  method.  The  method 
has  moreover  the  distiiK-t  advantage  of  enabling  the  angle  of 
deviation  to  be  varied  within  certain  narrow  limits.  Hence  it 
becomes  possible  so  to  arrange;  tSie*  s^^ixu-atus  as  to  give  to  some 
convenient  line  a  double  reifectfon  that  shall  be  an  exact  sub- 
multiple  of  360°.  This  once  accomplished  it  becomes  an  easy 
matter  com]iletely  to  eliminate  the  errors  of  the  divided  circle 
and  obtain  a  value  of  nf,  dependent  only  on  the  micrometer 
constants,  which  in  turn  may  be  themselves  almost  eliminated. 
To  be  sure,  this  method  practically  confined  observations  to  the 
spectra  of  a  given  order  and  limits  the  choice  of  lines  for  ineas- 
urement,  but  the  first  objection  docs  not  apply  to  gratings  of 
which  the  ruling  is  very  nearly  perfect,  and  since  the  relative 
wave-lengths  of  a  large  number  of  liiies  are  known  with  very 
great  exactness,  measurements  of  the  absolute  wavedength  are 
quite  comparable  even  if  made  on  different  lines. 

As  regards  the  constancy  of  the  angle  between  the  collimator 
and  observing  telesco])e  there  was  every  reason  to  expect  entire 
permanence  throughout  the  experiments,  and  observation  soon 
justified  this  expectatic^n.  The  telescopes  were  firmly  secured 
at  botH  ends  to  one  and  the  same  casting,  which  in  turn  was 
firmly  liedded  in  a  brick  pier.  In  addition  the  size  of  the  ap]ia- 
ratus  was  such  that  a  variation  of  even  1"  in  the  angle  was  quite 
improbable.  The  angle  measured  in  the  ordinary  way  with  a 
eollimating  eye-piece  could  be  determined  to  V  of  arc,  exclu- 
sive of  errors  of  graduation  in  the  circle.  At  first  there  ap- 
peared to  be  distinct  variations  in  the  angle  as  determined  at 
the  beginning  of  each  series  of  observations,  reaching  some- 
times more  than  10".  It  soon  appeared  however  that  when  the 
same  part  of  the  circle  was  used  the  angle  between  the  tele- 
scope was  sensibly  the  same  and  the  apparent  variations  were 
then  traced  to  a  periodic  error  iu  tlie  divided  circle,  which  by 
the  method  of  repetition  was  completely  eliminated  from  the 
measurements  of  angles  of  deviation  and  only  appeared  in  the 
determinations  of  d.  This  error  was  finally  eliminated  by  meas- 
uring ^in  various  portions  of  the  circle. 
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Tlie  method  of  determining'^  was  as  follows:  The  instru- 
ment being  adjusted  by  the  ordinary  methods,  a  suitable  line 
was  selected  for  measurement  and  then  the  angle  ^/ was  slightly 
increased  or  diminished  until  by  measurement  of  a  double  de- 
flection rif  was  found  to  be  very  close  indeed  to  3(30°.  Then 
a  double  deflection  was  carefully  n^easured  and  if  time  per- 
mitted several  times  repeated,  an  observer  always  being  at  the 
eye-peice  to  see  that  the  line  should  not  move  from  the  cross 
hairs  while  the  micrometers  were  being  read.  Then,  clamping 
the  main  circle,  the  grating  holdei'  was  turned  through  2^  until 
the  line  was  very  closely  upon  the  cross  hairs,  any  slight  read- 
justments made  necessary  by  this  distnrliance  of  the  instrument 
were  made,  and  the  process  was  repeated.  In  this  way  the  ini- 
tial line  of  the  circle  was  finallj  reached  an«l  a  value  of  7np  ob- 
tained which  depended  only  k^w  tlko  aJge])raical  sum  of  the 
micrometer  readings,  always  a  smafl  quantity. 

The  determination  of  the  temperature,  a  very  difiicult  and 
uncertain  matter  in  the  case -of  glass  gratings,  is  here  compara- 
tively simple.  A  sensitive  thermometer  (Eaudin  f)15G)  was  kept 
in  contact  with  the  grating,  its  lailb  being  carefully  shielded 
by  cotton.  The  constructirm  of  the  qiectrometer  made  it  im- 
practicable effectively  to  shield  the  grating  from  radiation  from 
the  ol)servcr's  body  ;  but  tlie  thermometer  apparently  proved 
eft'eetive  in  giving  the  neai  temperature  since  no  discrepancies 
in  the  results  could  be  traceflto  thermal  causes.  The  thermom- 
eter readings  were  made  to  0°-0.5,  and  the  temperature  of  obser- 
vation rarely  varied  more  than  two  or  three  degrees  from  2^°  C. 

The  temperature  being  thus  obtained,  the  necc&sary  correction 
was  introduced  directly  into  the  angle  of  deviation.  "Writing 
the  formula  for  wave-length  ia  the  form 

A=C  s-eia  gx, 

where  C  is  a  factor  depending  on  the  method  in  which  the 
grating  is  used,  and  diflr'erentiating  we  obtain 

Ss  ,      „ 

— =— cot  cpotp, 

6s 
where  if  we  take  1°  for  the  temperature  variatiom  —  is  the  co- 
efficient of  expansion.     Whence 

6s 

^~      cot  fp  ~ 

correction  for  1°  variation  in  temperature.     For  grating  Til  f<i»r 
instance  d<p—2"-6SS  and  by  this  means  all  the  deviations  were 
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reducecl  to  20^.     AVriting-  again  the  equation  for  wave-length  in 
the  form  fur  the  method  here  nsed, 

c=^in  <p  cos  d. 

Now  to  obtain  the  variation  in  f  due  to  a  change  in  the  angle 
between  the  telescopes, 

dq)-=i2in  (p  tan  OSd". 

Taking  now  dd=l"  and  (p  as  found  in  these  experiments 

By  this  means  the  necessary  correction  could  be  introduced  in 
the  angle  of  deviation,  but  the  angle  between  the  telescopes 
was  so  nearly  constant  as  to  render  this  correction  needless. 
The  line  selected  for  measurement  with  III  was  a  sharp  one 
in  the  green  at  5 133'1)5  of  Rowland's  map.  The  angle  0  between 
the  telescopes  was  adjusted  so  that  in  the  eighth  order  the  double 
deflection  was  72°.  Eighteen  complete  series  of  observations 
were  then  obtained,  each  giving  a  value  of  10^  from  which  the 
errors  of  the  circle  were  completely  eliminated.  The  results  in 
corrected  to  20°  on  thermometer  used. 


detail  were  as  follows, 

Date. 

ISSV. 

Nov 

U 

4, 

iC 

5, 

(C 

5, 

cc 

9, 

« 

16, 

(( 

16, 

<( 

17, 

<c 

22, 

(C 

29, 

a 

29, 

a 

29, 

IC 

30, 

(( 

30, 

a 

30, 

Dec. 

1, 

i< 

1, 

36° 

0' 

27" 

■19 

36 

0 

25 

■87 

36 

0 

24 

•40 

36 

0 

24 

•95 

36 

0 

26 

•S3 

36 

0 

26 

•14 

36 

0 

27 

•40 

36 

0 

27 

•37 

36 

0 

27 

•57 

36 

0 

25 

•16 

36 

0 

25 

■69 

36 

0 

25 

•99 

36 

0 

25 

•91 

36 

0 

26 

•10 

36 

0 

25 

•86 

36 

0 

25 

■81 

36 

0 

25 

•68 

36 

0 

25 

•80 

The  last  decimal  place  is  retained  simply  for  convenience  in 
averaging.  The  mean  value  of  ^is  36°  0'  26"^07  which  reduced 
for  the  error  of  thermometer  at  20°  gives  finally, 

<p=30°  C  25''^17. 

The  probable  error  of    this  value  is  0"^14.     The  effect  of  a 
small  error  in  f  on  the  resulting  wave-length  is  given  at  once  by 
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In  this  case  the  error  introduced  by  an  error  of  1"  in  55  is  a 
little  less  than  1  part  in  250000. 

The  mean  value  of  0  durinf>-  these  measurements  was 

61=0''  50'  5S"-G. 

In  case  of  irrating  IV  tlio  line  selected  for  observation  was  one 
of  liowland's  standards  at  w.l.  5914-319  of  his  preliminary  list. 
It  is  a  very  close  double,  the  components  being  distant  from  each 
other  something  like  ^-g.-^TnT  of  their  wave-length.  The  double 
deflection  was  \is  before  7^°  but  in  the  fifth  order.  As  with 
grating  III  eighteen  series  of  observations  were  obtained,  with 
the  following  resulting  values  of  o 


ISSi 


1888. 


Jate. 

Dec. 

16., 

(4 

16, 

U 

16, 

J,i 

19, 

(£ 

19, 

.u 

19, 

Jan. 

1-., 

u 

1-, 

12, 
14, 

U 

14, 

<f 

14, 

u 

19, 

a 

19, 

(C 

19, 

(C 

20, 

i< 

20, 

a 

20, 

36° 

0' 

+1" 

•16 

.36 

0 

+  0 

•66 

36 

0 

+  0 

•67 

36 

0 

+  0 

•64 

36 

0 

+1 

•56 

36 

0 

+  0 

•8.5 

36 

0 

— 1 

•19 

36 

0 

— 1 

•61 

36 

0 

— 1 

•79 

36 

0 

— 1 

•09 

36 

0 

-0 

•95 

36 

0 

-0 

•89 

36 

0 

—  0 

•48 

36 

0 

-0 

•59 

36 

0 

—  0 

■49 

36 

0 

+  0 

•51 

36 

0 

—  0 

•11 

3.6 

0 

+  0 

■55 

The  mean  value  .eorrected  as  before  for  error  of  thermometer 
is : 

^  =  35°  59'  59''-06-l-0"-15 

The  effect  of  this  probable  error  is  obviously  the  same  as  in 
ea53  of  gr.ating  III.  Tlie  moan  value  of  the  semiangle  between 
the  tolescopes  was 

fr=G'  5S'  31". 

During  the  observations  with  grating  III  the  barometric 
height  reduced  to  the  place  of  observation  was  very  nearly 
7G2°"',  but  thiring  the  work  with  grating  IV  it  was  phenomenal- 
ly high,  reaching  an  average  value  of  706"'",  an  amount  so  far 
from  normal  pressure  as  to  render  a  small  correction  necessary. 

The  mean  temperature  during  the  observations  with  III  was 
about  21°  C  but  in  case  of  IV  it  averaged  almost  exactly  20°  C 
varying  at  most  only  two  or  three  degrees  from  that  figui'e. 
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Measurement  of  the  Gratings. 

The  comparator  on  wliich  this,  the  most  important  portion 
of  the  research,  was  aecomplished  was  the  same  one  described 
in  my  previous  paper.  It  liad  liowever  been  improved  in  sev- 
eral particulars.  The  platform  carrying  the  standards  had 
been  fitted  witli  smooth  rack  and  screw  adjustments,  and  the 
microscopes  and  micrometers  wei'e  new.  The  illumination  of 
a  grating  under  the  power  used, — two  hundred  and  fifty  diam- 
eters— is  by  no  means  an  easy  matter,  and  at  the  same  time  a 
powerful  and  symmetrical  illuniLnation  is  alisolutely  necessary 
for  the  most  accurate  work,  particularly  in  case  of  rather  small 
grating  spaces.  I  had  been  thoroughly  dissatisfied  with  the 
illumination  previously  used — .a  laanp  at  a  suitable  distance — 
and  now  made  a  radical  change.  '^  three  candle  power  elec- 
tric lamp  was  attached  directly  to  the  microscope  just  below 
the  eyepiece  and  about  a  foot  above  the  objects  measured.  A 
small  mirror  carried  by  an  arm  screwed  to  the  objective  re- 
flected the  beam  into  the  Tolles  illuminator.  A  glass  bulb 
filled  with  water  surrounded  the  light  and  served  the  double 
purpose  of  stppping  radiation  and  partially  condensing  the 
beam  upon  the  nnrror  above  mentioned. 

I  am  aware  that  such  an  arrangement  is  somewhat  revolu- 
tionary, and  it  was  only  after  a  careful  trial  that  I  convinced 
myself  that  the  heat  from  so  near  a  si:)urce  was  not  injurious. 

h\  the  first  place  it  should  be  noted  that  the  lamp  is  only 
used  for  a  few  moments  at  a  time  and  at  intervals  long  com- 
pared with  the  time  of  observation.  Thus  the  very  minute 
heat  wave  that  reaches  the  bar  through  the  bulb  of  water  can- 
not possibly  produce  a  perceptible  rise  of  temperature  during 
tlie  time  of  an  observation,  while  during  the  intervals  it  is 
completely  dissipated. 

As  an  experimental  fact,  no  heating  effect  whatever  is  sensi- 
ble even  after  a  whole  day's  observations.  To  show  at  once 
this  fact,  and  the  general  character  of  an  average  series  of 
comparisons  I  subjoin  ten  comparisons  of  DnijS^^  with  a  cer- 
tain decimeter  on  glass,  made  at  intervals  of  about  three- 
quarters  of  an  liour  on  two  successive  days.  The  figures  are 
taken  directly  from  my  note  book. 
Date. 
June  1,  1887 


« 


June  2, 
{< 


s 

T= 

ii,S% 

-  G  4-  21-3 

17°--i 

"  +  21-6 

17  -4 

"  +  22-1 

17  -5 

"  -f  22-1 

17  -5 

"  -f-  20-8 

17  -5 

«  -f  20-1 

17  -5 

«  +  21-4 

17  -0 

«  +  21-0 

17  -0 

"  +  21-0 

17  -0 

«  +  21-0 

17  -1 
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The  temperatui'G  was  given  by  a  tliennoineter  iu  contact 
with  S%  and  Id  of  tlie  niicronieter  eqnalled  0'''2S.  In  a  com- 
parison of  two  standards  with  such  unequal  coefficients  of  ex- 
pansion as  glass  and  speculum  metal,  the  evil  effects  of  radia- 
tion should  be  at  their  maximum,  t)ut  the  preceding  series, 
including  as  it  docs  all  the  exjierimental  errors,  and  showing 
an  extreme  variation  of  but  Q/'-5  leaves,  I  think,  little  to  be 
desired. 

The  comparator  was  placed  in  a  vault  some  six  feet  below  the 
level  of  tiie  street,  which  was  pi-ovided  with  thick  double  walls 
witli  an  air  space  between.  This  oliserving  room  enabled  tlic 
temperature  to  be  kept  down  to  a  daily  variation  of  less  than 
half  a  degree,  the  extreme  range  for  several  days  being  fre- 
quently less  than  that  amount.  Before  this  vault  in  the  new 
Physical  Laboratory  was  completed  the  comparator  had  been 
placed  in  an  upper  room  of  one  of  the  old  buildings,  where  it 
was  well  nigh  impossilde  to  keep  anything  like  a  constant 
temperature,  particuhirly  since  the  heat  was  unavoidably  par- 
tially shut  oft"  during  the  night.  Owing  to  this  state  of  affairs 
the  measurement  of  the  gratings  on  which  my  preliminary 
wave-length  was  based,  was  made  under  difficulties  and  in 
most  of  the  series  necessarily  under  a  rising  temperature. 
Now  when  a  glass  standard  is  measured  against  a  metal  one, 
glass,  being  a  notoriously  bad  conductor,  and  having  a  very 
small  coefficient  of  expansion,  if  any-rise  of  temperature  takes 
place  the  length  foun^l  for  the  glass  will  be  too  small,  for  re- 
sponding less  readily  to  a  change  it  will  be  actual'y  measured 
at  a  lower  teuqjerature. 

It  tlierefore  became  necessary  to  re-measure  tlr 
Nos.  I  and  11,  to  eliminate  this  source  of  error,  which  was 
done  before  the  results  for  III  and  IV  were  oljtained.  These 
gratings  are  very  nearly  3™  long  and  they  were  therefore  com- 
j)ared  with  successive  triple  centimeters  of  S^„  until  tlie  tiftecn 
centimeter  mark  was  reached.  Grating  I  was  first  taken  in 
hand  and  six  complete  series  of  observations  were  obtained, 
each  micrometer  reading  being  the  mean  of  several,  and  the 
extreme  limits  of  temperature  variation  during  the  two  days 
occupied  by  the  comparisons  being  0°'3  C.  The  following 
gives  a  summary  of  the  results. 


lass  gratings 


5G  =  15™S^ 
5G  =  15™S"-; 
5G=  15™S^' 
5G  =  IS^^S^ 
5G  =  15™S\ 
5G  =  15™S^ 


+  10-0 
-f  21-5 
-f  lS-1 
-I-  23-9 
-I-  22'0 
-^  18-3 


At  19°-9  C. 
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Hence  combiuing  these  and  reducing  them  to  the  standard 
temperature  of  20°  we  have  : 

60000  spaces  =  5G  =  15'^'"S\  +  5."-2  at  20° 

The  micrometer  constant  here  used  was  that  of  the  new 

micrometer  where  Id  —  0'''257. 

In  precisely  the  same  way  Grating  II  was  remeasured,  the 

six  series  giving  the  following  relations 

<5 
5G  —  lo™S\  +  157-4 
5G=  15™S%  +  154-9 
5G  =  IS'^S^  +  154-5 
5G  =.  15™S\  +  152-4 
5G  =  15^'°S%  +  154-9 
,  5G=  15<^'°S%  +  162-4 


►  At  19°-8  C. 


Combining  and  reducing  these  results  as  before  we  have  the 
equation 

42640  spaces  =  5G  =  15'="S%  +  39/'-9  at  20° 

The  temperature  variation  in  the  two  days  of  observation  was 
only  0°-2. 

Gratings  III  and  IV  were  then  measured.  In  this  case  a 
large  number  of  comparisons  were  obtained  at  both  high  and 
low  temperatures  with  the  object  of  detecting  any  differences 
which  might  exist  between  the  coefficients  of  expansion  of 
the  gratings  and  those  of  the  speculum  metal  standards.  Ill 
and  IV  being  a  little  over  a  decimeter  in  length  were  very 
easy  to  measure,  particularly  since  the  lines  were  very  sharp  and 
of  approximately  the  same  width  as  those  on  tlie  standards. 

Ill  proved  to  have  sensibly  the  same  coefficient  as  the  stan- 
dards.    I  subjoin  the  comparisons  made  at  or  very  near  20°. 


6 

G  = 

Dm,S^ 

+  32-9 

G  = 

C4 

+  33-0 

G  = 

<£ 

+  32-7 

G  = 

ii. 

+  33-2 

G  = 

ic 

+  32-3 

G  = 

a 

+  32-6 

G  = 

('. 

+  34-5 

G  = 

a 

+  33-4 

G  = 

a 

+  34-2 

G=: 

a 

+  32-6 

Combining  these   and   other  series  of    observations  gives 
finally 

28418  spaces  =  G  =  D;/2.jS%  +  S''-5  at  20° 
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It  should  be  noted  that  the  extreme  variation  in  the  above 
series  is  2''2,  very  nearly  0'"'5,  or  one  part  in  two  hnndred 
thousand. 

In  the  case  of  IV  the  coefficient  appeared  to  lie  somewliat 
smaller  than  that  of  S'',.  The  range  of  temperature  secured 
was  not  large  but  as  nearly  as  could  be  ascertained  the  coeffi- 
cient is  about  16'"-1  per  meter  per  degree,  while  that  of  the 
standards  is  17"-9  per  meter  per  degree.  However,  since  the 
measurements  of  f  made  with  IV  were  distril)uted  witii  a  tol 
erable  degree  of  symmetry  on  both  sides  of  20°,  any  eri-or  duo 
to  an  inexact  value  of  the  coefficient  of  expansion  would  appear 
mainly  in  the  probable  error  in  ^.  The  variation  found  would, 
as  a  matter  of  fact  have  changed  the  linal  value  of  (f  by  less 
than  0"-2. 

The  comparisons  of  IV  made  near  20°  were  as  follows  : 


s 

G  = 

Dm,S 

%  -f  35-8 

G== 

+  35-5 

G=: 

+  35-0 

G  = 

+  36-0 

G  = 

+  34-0 

G== 

+  35-8 

G  = 

+  34-6 

G  = 

+  36-3 

G  = 

+  33-3 

G  = 

+  36-7 

Combining  these  and  the  other  observations, 

39465  spaces  =  G  =  Dm,S%  +  9/'-l  at  20". 

The  probable  error  of  the  relations  found  for  III  and  IV 
can  hardly  exceed  one  part  in  a  million  so  far  as  tlie  distance 
between  the  terminal  lines  selected  is  concerned.  Tliese  termi- 
nal lines  were  varied  at  each  comparison  so  that  while  each  of 
the  above  relations  represents  39,465  spaces,  the  lines  meas- 
ured between,  though  in  the  same  vicinity,  are  seldom  or  never 
identical. 

In  gratings  I,  II,  III  the  number  of  spaces  was  very  easily 
counted  as  the  dividing  engine  automatically  riiles  every  hun- 
dredth line  longer,  and  every  fiftieth  line  shorter,  than  the 
others.  Iw  grating  IV  the  number  of  spaces  was  found  readily 
enough  1)y  ruling  at  a  known  temperatui'e  the  terminal  lines  of 
.1  test  plate  almost  exactly  a  decimeter  long,  and  containing  a 
known  number  of  lines.  A  comparison  of  this  with  the 
grating  gave  the  quantity  required. 
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Calibration  of  the  Gratings. 

In  my  previous  paper  the  need  and  metliod  of  determining 
the  errors  of  ruling  in  a  grating  were  brietly  noticed.  It  is 
fitting  here  to  enter  somewhat  more  into  detail. 

The  grating  space  is  never  perfectly  uniform  throngliont  the 
whole  extent  of  the  ruled  surface.  The  variations  may  be  in 
general  classed  as  regular  and  irregular,  lu  the  first  class  we 
put  variations  in  the  grating  space  which  are  purely  periodic 
or  purely  linear.  These  produce  respectively  ''ghosts"  and 
difference  in  focTis  of  the  spectra  on  opposite  sides  of  the 
normal.  Eitlior  fault  might  be  large  enough  to  unlit  the  grat- 
ing for  wave  length  determination,  and  would  be  always  unde- 
sirable, but  nevertheless  would  introduce  no  gross  errors  into 
the  result.  Variations  of  the  second  class  include  the  displace- 
ment, omission  or  exaggeration  of  a  line  or  lines,  and  what  is 
of  great  im]i(jrtance,  a  more  or  less  sudden  change  in  the  grat- 
ing space  producing  a  section  of  the  grating  having  a  grating 
space  peculiar  to  itself.  The  former  types  of  accidental  error, 
unless  extensive  are  harmless,  and  are  present  in  most  gratings 
usually  showing  as  faint  streaks  in  the  ruling.  It  is  with  the 
last  mentioned  error  that  we  mainly  have  to  do. 

Consider  a  grating  the  space  of  which  is  sensibly  uniform 
except  throughout  a  certain  portion.  Let  that  portion  have  a 
grating  space  distinctly  larger  or  smaller  than  that  of  the  re- 
mainder of  the  grating.  If  the  abnormal  portion  is  a  consid- 
erable fractional  part  of  the  whole  grating  it  will,  in  general, 
produce  false  lines  and  injure  or  ruin  the  definition  of  the 
grating.  Such  a  grating  we  should  nowadays  throw  aside  as 
useless,  although  many  of  the  older  gratings  are  thus  affected. 
■  JSupjKise  however  that  the  alniormal  portion  is  confined  to  a 
few  hundred  lines.  Such  a  series  of  lines  will  have  little  Ijrii- 
liancy  and  less  defining  j^owor  and  conse(|uently  will  simply 
diffuse  a  certain  amount  of  light  without  cithtjr  producing  false 
lines  or,  in  general,  injuring  the  definition.  In  short,  when 
the  full  aperture  of  the  grating  is  used,  the  spectra  produced 
will  be  due  only  to  the  normal  grating  space,  the  abnormal 
portion  having  little  or  no  visible  effect.  It'  however  wo 
attem[)t  to  evaluate  the  grating  space  by  measuring  the  total 
length  of  the  ruled  surface  and  dividing  it  by  the  number  of 
ispaces  therein  contained,  we  shall  obtain  an  incorrect  result, 
since  this  average  grating  space,  including,  as  it  does,  the 
abnormal  portion,  will  be  necessarily  different  from  the  normal 
grating  space  which  produces  the  spectra  observed. 

In  genei-al  if  n  be  the  total  number  of  spaces  and  s  the 
normal  grating  space  the  length  of  the  ruled  surface  will  be 
«s+A,  where  A  is  a  quantity  depending  on  the  magnitude 
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and  nature  of  the  abnormal  portion.  It  will  have  for  its  maxi- 
niuni  value  !E{s—s'),  where  s'  is  the  varying  grating  space,  in 
the  case  when  the  change  in  the  space  is  so  local  and  sudden  as 
to  produce  no  effect  at  all  on  the  spectrum ;  and  will  be  vari- 
ously modified  by  the  considerations  now  to  be  mentioned.  If 
we  could  always  assume  that  the  abnormal  portion  of  the 
grating  produced  no  effect  on  the  spectrum  the  elimination  of 
errors  of  ruling  would  thus  become  comparatively  simple. 
But  in  practice  it  is  not  very  uncommon  to  find  gratings  in 
which  there  are  several  portions  where  tlie  spacing  is  abnormal, 
in  one  case  perhaps  producing  no  effect,  in  a  second  producing 
false  lines  and  in  a  third  causing  a  faint  shading  off  of  the 
lines.  For  an  abnoi-mal  portion  will  ])roduce  no  effect,  a  slight 
shading  or  reduplicated  lines,  according  to  its  extent  aad  the 
amount  of  its  variation  from  the  normal. 

The  following  experiment  will  readily  show  the  laws  which 
govern  these  errors  of  ruling.  Place  a  leather  bad  grating — - 
unfortunately  only  too  easily  obtained — on  the  spectrometer, 
and  setting  the  cross-hairs  carefully  on  a  prominent  line,  gradu- 
ally cover  the  grating  with  a  bit  of  paper,  slowly  moving  it 
along  from  one  end.  In  very  few  cases  will  the  line  stay  upon 
the  cross-hairs.  A  typical  succession  of  changes  in  the  spec- 
trum is  as  follows  :  Perhajis  i|o  change  is  observed  until  two- 
thirds  of  the  grating  has  been  covered.  Then  a  faint  shading 
appears  on  one  side  of  the  line,  grows  stronger  as  more  and 
more  of  the  grating  is  covered,  and  finally  is  terminated  by  a. 
faint  line.  Then  this  line  grows  stronger  till  the  original  line 
appears  double  and  finally  disappears  leaving  the  displaced 
line  due  to  the  abnormal  grating  space.  This  description,  I 
regret  to  say,  is  from  the  examination  of  a  grating  which  had 
been  used  for  the  determination  of  absolute  Avave-length.* 
This  case  is  exceptionally  complete,  but  even  with  a  very  good 
grating  minute  displacements  can  usually  be  noticed. 

When  the  abnormal  portion  is  sutiiciently  extensive  to  pro- 
duce a  faint  shading  along  one  side  of  the  lines  when  the  full 
aperture  of  the  grating  is  used,  the  effect  of  the  error  on  the 
resulting  wave-length  may  be  in  part  eliminated  by  the  fact 
that  the  shading  would  displace  the  apparent  center  of  the 
line  and  hence  slightly  change  the  observed  angle  of  deviation. 
For  this  reason  a  grating  so  affected  would  be  likely  to  give 
results  varying  with  the  order  of  spectrum  used,  since  the 
appearance  of  the  line  would  vary  somewhat  with  the  ibuini- 
nation.  It  is  at  once  apparent,  however,  that  no  combination 
of  the  results  from  different  <jrders  of  spectra  can  possibly 
eliminate  the  class  of  errors  we  are  discussing,  since  the  alge- 

*  Xot  by  the  author  it  is  almost  needless  to  add. 
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braic  siji'n  of  the  crroi"  Avill  be  the  same  for  all  orders  and  it 
-will  be  ill  every  case  a  nearly  constant  fi'actiou''  of  the  wavc_ 
length. 

The  problem  before  the  experimenter  is  then  the  following : 
To  '  detect  the  existence  and  position  of  any  abnormal  portion 
■of  the  grating  in  use,  to  separate  as  far  as  possiblft,  such  por- 
tions as  produce  a  visible  effect  from  those  ■which  do  not,  and 
thus  finally  to  determine  the  proper  value  to  be  assigned  to 
the  quantity  A. 

The  iuyestigation  is  somewhat  simpliiied  by  the  fact  that  for 
the  most  part,  abnormal  spacing  occurs  at  an  end  of  the  ruled 
surface,  generally  at  tlie  end  where  the  ruling  was  begun,  since, 
when  the  engine  is  started  it  is  likely  to  run  for  some  little  time 
before  it  settles  down  to  a  nniform  state.  Then,  too,  one  is  able 
to  disregard  the  slight  and  gradual  variations  in  the  grating 
space  which  appear  in  every  grating,  since  their  effects  will  iu 
general  be  integrated  in  the  spectrum  produced. 

It  only  remains;  therefore  to  study  those  larger  and  more 
sudden  changes  which  can  produce  a  sensible  error  in  the  result. 
It  is  evident  that  tke  process  of  examination  indicated  above 
■will  serve  to  detect  the  more  extensive  faults,  together  with 
any  errors  of  iigrtVe  in  the  surface,  but  an  abnormal  portion 
<;onsisting  of  only  a  few  hundred  lines  will  not  have  resolving 
power  enough  to  produce  a  marked  effect.  Making  then  a  slit 
in  a  card  jui  wide  enough  to  expose  a  sufficient  number  of  lines 
to  give  toleiiible  definition,  one  can  examine  the  grating  section 
by  section,  and  still  further  discriminate  between  the  iiormal 
and  abnormal  spacing,  errors  of  figure  being  included  as  before. 
But  as  the  number  of  abnormal  spaces  decreases  a  point  will  be 
reached  when  this  method  breaks  down  completely,  and  since 
the  error  in  the  resnlting  wave-length  may  be  as  large  in  this 
vca«e  as  when  the  fanlt  is  more  extended,  another  method  must 
be  sought.  So  far  as  I  know  the  only  method  which  will  de- 
tect and  evaluate  all  these  errors  is  that  which  I  have  called 
calibration,  measuring  the  rehitive  lengths  of  n  grating  spaces 
taken  successively  along  the  ruled  surface.  The  process  em- 
ployed was  as  follows.  The  stops  of  the  comparator  were  set 
as  close  together  as  practicable,  limiting  the  run  of  the  car- 
riage to  a  distance  which  varied  in  different  cases  from  4  to  10""^. 
Then  the  grating  to  be  examined  ■was  brought  nnder  the  micro- 
scope and  micrometer  readings  were  taken  on  the  lines  just 
within  the  run  of  the  carriage;  the  grating  was  then  moved 
along  about  the  length  of  the  run  and  the  process  repeated  till 
the  whole  grating  had  been  gone  over.  The  variations  in  the 
micrometer  readings  then  gave  the  variations  iu  the  length  of 
n  spaces  in  different  parts  of  the  grating.  The  only  assumption 
nvolved  was  that  the  variation  in  the  different  sections  did  not 
i 
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amount  to  an  entire  space,  an  liypotliesis  quite  secure  in  gra 
tings  with  spaces  as  large  as  those  employed.  It  was  thus  pos- 
sible to  determine  quite  accurately  the  variations  in  the  grating 
space  throughout  the  whole  grating. 

It  should  bo  noted  that  since  these  variaticms  may  Ijo  of 
almost  any  kind  and  miiguitudu  the  errors  produced  hy  them 
will  not  in  general  bo  eliminated  b}'  combining  the  results  ob- 
tained from  several  gratings.  It  maj'  happen  that  the  gratings 
used  by  one  experimenter  will  have  errors  that  will  counter- 
balance each  other,  while  those  used  by  another  will  all  have 
errors  of  the  same  sign.  For  instance,  by  the  merest  accident 
the  gratings  used  by  the  writer  gave  nearly  identical  results 
corrected  and  uncorrected,  while  those  used  by  Peirco  uniformly 
required  a  reduction  in  the  resulting  wave-length.  The  num- 
ber of  gratings  used  by  a  given  investigator  is  however  so  small 
that  the  errors  will  very  seldom  be  eliminated,  while  no  com- 
bination of  the  results  obtained  from  different  orders  of  the 
same  grating  can  ]iroduee  any  useful  effect  whatever. 

Each  of  the  gratings  used  in  this  research  was  examined 
minutely  by  the  above  methods  and  in  each  was  found  an  ab- 
normal portion  iif  one  sort  or  another.  Of  eight  gratings  which 
I  have  calibrated  all  have  shown  a  similar  error  and  of  more 
than  twenty  which  I  have  examined  in  the  spectrometer  only 
one  (grating  III)  failed  to  show  an  abnormal  section  at  one  end. 
Since  this  is  the  commonest  form  of  the  error  in  question,  it  is 
but  natural  to  inquire  why  it  cannot  bo  avoided  by  covering 
the  defective  end.  The  reason  is  simple  enough.  By  stopping 
out  the  defective  portion  the  grating  is  reduced  to  an  incom- 
mensuraltle  length  which  enormously  increases  the  difficulty  of 
measuring  it.  A  grating  which  is  in  length  some  convenient 
subraultiple  dt  a  meter  is  easy  to  measure  with  a  comj)aratively 
high  degree  of  exactness,  but  one  which  is,  say,  twenty  seven 
millimeters  long,  is  exceedingly  difficult  tt>  measure  accurately 
since  it  involves  a  long  micrometer  run  or  the.  errors  of  sub- 
division down  to  single  millimeters.  }t  is  therefore  better  ta 
use  the  full  aperture  of  the  grating  and  find  A  by  calibration. 

In  calibrating  the  gratings  used,  I  divided  I  and  II,  which 
were  thirty  millimeters  long,  into  six  sections  of  o""",  and  the 
large  gratings  III  and  IV  into  centimeters.  Each  grating  was 
carefully  gone  over  five  times  and  the  mean  result  taken.  The 
following  corrections  were  found. 

The  actual  variations  found  in  each  grating  are  given  below, 
the  figures  given  being  the  difference  of  n  lines  from  the  dis- 
tance between  the  sto])S,  the  lines  being  taken  in  the  consecu- 
tive sections  of  the  s>Tatin<is. 
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Grating  I. 
Sections         12  3  4  5  0 

Residuals,        0'"''78         0'98  0'81  1-03  0-8G       1-24 

Grating  II. 
Soctions         1  2  3  4  5  G 

Residuals,     2'"'07  1'93  1-52  1-68  1-31  0-45 

Grating  III. 

Sections    1  2  3  4  5  0  T  8  9  10 

Residuals,    2''-80    2'85    l-Y?    2-77    2-70    2-77  2-07    2-G4  2-73  2-77 

Grating  IV. 

Sections    15  3  4  56T30         10 

Residuals,    0''-3l    0-2,S    0-35    0-43    0-40  0-43   0-31   0-35   0-28  0-82 

Th3  calibration  of  III  \&  worth  describiiifi^  in  detail.  Cen- 
iimeter  3  was  evidently  too  lon<i;.  I  therefore  nicasnrcd  the 
centimeters  from  15  to  25'°'°  and  from  25  to  35""".  The  former 
was  fjnite  normal  but  the  latter  showed  an  increase  almost  iden- 
tical with  that  of  the  whole  third  centimeter.  I  then  examined 
the  grating  in  a  strong  light  and  detected  at  27"""  from  the  end, 
a  faint  line,  such  as  usually  indicates  a  few  wavering  lines  caused 
perhaps  by  dust  under  the  diamond  point.  Placing,  however, 
this  line  under  the  microscope  a  3iiand  (if  perhaps  twenty  lines 
appeared  with  spacing  noticeably  wider  than  usual.  Here  was 
a  very  serious  ilaw  in  a  grating  to  all  appearance  absolutely  per- 
fect. A  most  critical  examination  in  the  spectrometer  of 
course  failed  to  detect  it,  but  it  was  htitW  detected  and  located 
with  unerring  certainty  by  the  process  of  calibration.  Micro- 
metrical  measurements  on  this  group  showed  an  excess  of  about 

2^'t>  over  an  equal  number  of  spaces  elsewliere  on  the  grating. 
Thisouanti|y  of  course  had  to  be  taken  account  of  in  connec- 
tion with  tue.  previous  calibration. 

The  deduction  of  the  necessary  corrections  from  the  data 
given  by  calibration  requires  ni>  little  care  and  judgment,  and 
can  bo  properly  done  only  in  connection  with  a  detailed  study 
of  the  spectra  given  liy  various  portions  of  the  gratings  con- 
cerned. For  the  four  gratings  used  l)y  the  author,  these  cor- 
rections, applied  directly  to  the  lengths  of  the  gratings  in  the 
form  of  the  quantity  A  before  mentioned,  are  very  nearly  as 
follows : 

Grating.  A 

I -o/'-io 

n  _. +0  -40 

III ..—2  -00 

IV -fO   -45 
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It  should  be  distinctly  understood  that  the  corrections  deduced 
from  the  calibration  are  necessarily  only  approximate.  _  A  very 
minute  examination  of  a  grating  on  the  spectrometer  is  impos- 
sible, since  a  small  section  of  the  raled  surface  has  not  sufficient 
resolving  power  to  give  measurable  spectra.  On  the  other  hand, 
while  calibration  gives  the  variations  of  the  grating  space  with 
a  high  degree  of  exactness,  it  obviously  cannot  dehnitely  decide 
how'far  tliese  variations  are  integrated  in  tlie  spectrum  measured. 
Consequently  while  calibration  will  in  every  case  give  a  valu- 
able approxiination,  it  must  necessarily  leave  residual  errors. 

In  these  experiments  the  gratings  Avere  always  measured  par- 
allel to  the  terminations  of  the  lines.  Consequently  the  length 
of  each  grating  as  found  directly  must  be  mnltipliecl  by  cos 
^90^_a),  where  a  is  the  angle  made  by  an  individual  line  with 
the  line  formed  1)V  the  locus  of  the  terminations..  In  case  of 
gratings  I,  II,  III  this  angle  was  found  by  mcasrrring  a  test 
plate  as  described  in  my  previous  paper  and  was  found  to  be 
within  a  very  few  seconds  of  89°  .56'. 

Grating  IV  ruled  on  the  new  engine  was  tested  by  measur- 
ing the  sides  and  diagonals  of  the  ruled  surface  and  gave  an  al- 
most exactly  identical  value  of  a.  Bo  correction  therefore  need 
be  introduced  for  this  cause,  since  cos  (90°-a)  does  not  differ 
sensibly  from  unity. 

Final  result  for  Absolute  Wave-length. 
Only  one  equation  needs  to  be  added  to  those  already  given ' 
for  S"  .     This  is  the  one  for  the  third  5""  space,  necessary  to  de- 
termine the  absolute  length  of  the  first  15'='".     S'^"',  (3)  and  (4) 
vvrere  compared  and  the  following  relation  was  found  between 
them:    (4)  =  (3) -f  » --i.       The  "relation   found    in    1885   was 
(4) = (3) -f  1^-1.     Consequently  (3)  has  not  sensibly  shortened  and 
nearly  the  whole  change  found  in  S'',  has  taken  place  in  the 
last  iive  centimeters.    "Writing  now  the  absolute  lengths  of 
Dm,  S"',  and  15cm.  S*„ 

Dm,  S\  =  100  -00060"'™  af20°. 
■15craS%'=  150-00897  at  20°. 

Applying  now  the  relations  found  for  grating  I  in  the  fore- 
going section, 

■;  =  0-002500'226°™ 
And  since  q>  =  45°  1'  48"-2-t 

A  =  5S9G-18 

Similarly  for  grating  II, 

s  =  0-003519041"™ 
(p  =  42°  4'  59"-28 
I  =  5896-23 
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Computing  the  similar  quantities  for  the  speculum  metal 
gnitino-s  III  and  IV,  for  grating  III, 

s  =  o-ooasiosoS""" 
<p  =:  30°  0'  25"-17 
e  =  6°  59'  58"-56 
i  =  5133-89 
and  for  grating  lY, 

S  =  0-002534306°™ 
(f  =  35°  59'  59''-06 
(9  =  6°  58' 31' 
I  =  5914-37 

Reducing  now  these  Latter  wave-lengths  to  the  corresponding 
values  of  Dj,  introducing  the  barometric  corrections  and  com- 
bining, the  final  results  for  that  line  are 

Grating  W.  L. 

I -  5896-18 

n 5896-23 

III - 589615 

IV.-. 5896-17 

Finally,  then,  the  mean  value  of  the  absolute  wavelength  of 
D,  in  terms  of  the  mean  value  assigned  to  S%  is 

5896-18 
in  air  at  Y60""°  pressure  and  20'^  C.  temperature,  or  m  vacuo, 

5897-90 

It  is  no  easj  matter  to  form  an  estimate  of  tlie  probable  error  of 
this  final  result.  So  far  as  errors  of  obsei-vation  go,  the  result 
Hho,uld  be  correct  to  within  one  part  in  half  a  million,  but  there 
are  so  many  complex  sources  of  constant  errors  in  this  problem 
that  such  a  statement  means  little.  My  present  result  exceeds 
the  estimated  probable  error  of  my  former  result  considerably, 
though  it  falls  within  the  limit  set  by  Prof.  liowland  and  my- 
self for  the  possible  err(.ir  and  noted  in  his  paper  on  "lielative 
Wave-length"  of  the  same  date  as  my  own.  'The  cause  of  this 
discrepancy  is  partly  due  to  the  varying  temperature  under 
which  the  glass  gratings  were  tirst  measured,  and  partly  to  the 
change  in  the  value  assigned  to  the  standard  of  length.* 

Then  too,  the  corrections  applied  to  gratings  II  and  III  may 
be  slightly  in  error.  Taking  into  account  all  these  sources  of 
uncertainty  it  is  my  opinion  that  the  above  final  result  is  not 
likely  to  lie  in  error  by  an  amount  as  great  as  one  part  in  two 
hundred  thousand. 

*  In  terms  of  the  length  I  originally  assigned  to  S''n  the  wave-lenijth  of  D, 
would  be  5896-14,  while  if  the  value  deduced  from  the  Berlin  eomparisou  were 
taken  it  would  he  589G-22.  The  wave-leugth  q\iite  certainly  lies  between  thesf 
values,  but  the  proper  weight  to  be  given  to  the  Berlin  comparison  relatively  to 
the  others  is  rather  uncertain. 

Am.  Joue.  Sci.— TniBD  Series,  Vol.  XXXV,  No.  209.— May,  1888. 
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Takiuc;  the  above  value  of  the  absolute  wave-ieiigtli  and  ap- 
plying tiie  appropriate  corrections  to  some  of  the  fundamental 
lilies  given  iu  Prof.  Rowland's  paper  (this  Journal,  March,  18S0) 
the  wave-lengths  of  the  principal  Fraunhofer  lines  in  air  at  2i)° 
and  760"""  are, 


A    /line  belween  '■  hfr.,l"\  TlVl  •'-il 

Und  "tiill  "    of  group/ lu-1    '11 

B  " -- (:;S84-11 

C_.. - - osea-oT 

D,-. --- 58no-i8 

D^ _5890-l.'2 

E ' 5270-52 

E^ 5269-84 

b^ 518;{-S2 

f! 4861-31 


Comparisons  between  tkese  wave-lengths  and  the  older  ones 
become  somewhat  uncertain  toward  the  ends  of  the  spectnim 
since  the  appearance  of  lines  like  A,  B,  G  and  H  vary  so  much 
with  the  dispersion  employed.  The  relative  wave-lengths  above 
yiven  are  certainly  exact  to  within  one  part  in  half  a  million. 
It  may  not  be  out  of  ])lace  here  to  discuss  tlie  most  recent  v.'ork 
on  this  problem.  Just  before  tlie  publication  of  my  first  paper 
the  very  elaborate  paper  of  Miiller  and  Kempf  appeared.  Tlieir 
work  is  a  monument  of  laborious  reseai-ch  and  it  is  unfortunate  ■ 
that  so  much  time  should  have  been  spent  in  experiments  con- 
.lucted  with  glass  gratings  of  small  size  and  inferior  quality. 
Since  the  invention  of  the  concave  grating  it  is  a  waste  of  en- 
ero-y  to  make  micrometi'ic  measurements  -with  plane  ones,  and 
this  statement  could  hardly  lie  corroborated  more  strongly  tJiau 
by  the  relative  wave-lengths  given  by  Miiller  and  Kempf.  The 
probable  error  of  their  wave-lengths  is  in  general  not  less  than 
one  part  in  two  hundred  thousand.  That  the  value  assigned 
by  them  to  tlw  absolute  wave-length  is  as  near  the  truth  as  it 
probably  is,  is  due  to  no  lack  of  faults  in  the  gratings.  Their 
results  for  the  line  D,  were  as  follows : 

Gratinfc.  "^  ■  L. 

"21S1" --   5S96-4G 

".5001" 689(3-14 

'■  800 1  " 5895-97 

"8001L" 5896-33 

A  discussion  of  these  errors  as  exemplified  in  the  pajK-i- 
under  consideration  would  take  up  too  much  space  to  bein- 
serted  here,  but  one  or  two  points  are  worthy  of  notice. 
When  a  grating  gives  different  results  tu  the  different  orders, 
it  is  evident  that  there  are  in  it  serious  errors  of  ruling,  and 
the  maximum  amount  of  the  variation  will  give  a  rough  esti- 
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mate  of  their  size  as  compared  witli  tliose  of  otiicr  g'latingiv 
Applying  this  test,  the  four  ^ratines  rank  as  follows:  ".■)0''J," 
'•  8001  L,"  "  2151,"  "  8001,"  where"^ the  first  which  gave  for  tiio 
w.  1.  5S96-14-,  had  no  sensible  variation  in  tiie  ditierent  orders 
and  the  last,  %diich  gave  589ij-97,  varied  in  the  most  erratic 
fashion.  It  by  no  means  follows,  however,  tliat  liecanse  a 
grating  gives  identical  results  in  tlie  various  orders,  it  is  there- 
fore free  from  errors  of  ruling.  "Witness  Grating  III  of  tliis 
paper  in  which  the  error  was  of  a  kind  which  could  not  be  de- 
tected at  all  in  the  spectrometer.  Yet  it  was  large  enough  to 
give,  if  neglected,  589G-2S  for  the  wave-length  of  Df'  Speak- 
ing of  errors  in  gratings  a  case  in  point  is  the  work  of  Peirce. 
On  account  of  the  reasons  heretofore  noted  Peirce's  standards 
of  length  are  somewhat  uncertain  in  value  so  that  no  definite 
correction  can  be  as  yet  applied  to  his  wave-length  from  this 
cause.  Three  of  his  gratings,  however,  I  have  calibrated,  and 
each  of  them  showed  an  error  tending  to  diminish  the  wave- 
length. If  the  mean  result  olitained  from  these  had  been 
assumed  to  be  correct  it  vvoukl  have  been  equivalent  to  the 
introduction  of  a  constant  error.  Peirce's  prehminai'y  result 
is  for  this  i-eason  too  large  by  more  than  one  part  in  a  hundred 
thousand ;  how  much  more,  it  is  impossible  to  say  without 
knowing  the  results  obtained  from  each  gi-^ting  and  so  Ijeiug 
al)le  tO'  apply  the  corrections  found.  Peirce's  method  was 
such  as  should  haVr©^,  secured  \-ei'y  excellent  results  and  sucli'- 
v.'ill  uixloubtedly  follow  a  further  investigation  of  the  stan- 
dards and  gratings.  Still  another  recent  determination  is  tliat 
by  Kurlbaum,.  who  used  two  good  sized  speculum  metal  grat- 
ings and  measured  them  with  particular  care.  Like  the  previ- 
ous ex]5erimentcrs  he  rieglected,  although  he  did  not  ignore, 
the  errors  of  ruling  and  conserpiently  the  results  he  obtain."d 
are  somewliat  in  doubt.  A  serious  objection,  moreover,  to  his 
work  is  the  very  small  spectrometer  ho  used.  To  untlertake  a 
determination  of  absolute  wave  length  with  a  spectrometei' 
reading  l)y  verniers  to  10"  only,  and  furnished  with  telescopes' 
■of  only  one  inch  aperture  is  simply  courting  constant  errors'. 
More  especially  is  this  true  since  it  would  be  hard  to  devise  a 
method  more  'effective  in  introducing  the  errors  of  ruling, 
tluui  to  use  a  grating  with  telescopes  too  small  to  utilize  its 
full  apertui'e,  and  then  determine  the  grating  space  by  me;is- 
nring  the  total  length  of  the  ruled  surface.  Kurlljaum's  grat- 
ings, too,  were  of  an  unfortunate  size,  42  and  43™'"  broad 
respectively,  and  consequently  by  no  means  easy  to  measure. 
■On  the  whole  his  result,  5896'90  is  not  surprising. 

*Tlie   results  given  by  the  gratinfcs  used  by  the  author,  neglecting  tlie  cuneo- 
tion  A  would  be  as  follows: 

I,   u8<)G-20;   11,   uSflBl-t;  III,   58!l(;-28  :    I\',   5S9i;-I2 
Curiously  enough  tlie  menu  would  be  practically  unchanged. 


360  L.  Bell — Absolute  Wavc-leiujth  of  LigJd. 

Tlie  agreement  of  relative  wave-leiigtlis  as  dcteriniiied  by 
different  experimenters  unfortunately  gives  no  measur:j  as  to 
the  accuracy  of  Ihe  "Work.  The  relative  wave-lengths  as  de- 
termined by  Miiller  and  Kempt  and  by  Kurlbaum  agree  in  gen- 
eral to  within  1  part  in  100,000 :  the  absolute  wave-lengths 
assigned  by  these  experimenters  vary  by  more  than  1  part  in 
30,000. 

A  very  ingenious  flank  movement  on  the  problem  of  abso- 
lute wave-length  has  been  made  by  Mace  de  Lepinay.  Ills 
plan  was  to  use  interference  fringes  in  getting  the  dimensions 
of  a  block  of  quartz  in  terms  of  the  wave-length,  and  then  to 
avoid  the  difficulties  of  the  linear  measurement  by  obtaining 
the  volume  through  a  specilic  gravity  determination.  His  re- 
sults do  not  indicate,  however,  experimental  accuracy  as  great 
as  can  bo  obtained  by  the  usual  method,  and  the  final  reduc- 
tion unfortunately  involves  a  quantity  even  more  uncertain 
than  the  average  standard  of  length,  i.  e.,  the  ratio  between  the 
meter  (?)  and  the  liter. 

It  may  be  interesting  here  to  collect  the  various  values 
which  have  been  given  for  the  absolute  wave-length  within 
recent  years.     Kesults  are  for  the  line  D,. 

Mascart - -  -  - -  -  5894-3 

van  der  Willigeu 5898-6 

Angstrom - 5895-1 3 

Ditselieiiier -  -  -  5897-4 

Peircc 5896-27 

Angstrom  con-uotcd  l)y  Thalen 5895-89 

Miiller  and  Kempt 5896-25 

Mace  de  Lepiuay, 5896-04 

Kurlbaum, 5895-90 

Bell - --  5896-18 

These  figures  are  discordant  enough.  When  beginning  the 
present  work,  I  had  lumped  that  it  would  prove  possible  to  make 
a  determination  of  absolute  wave-length  commeRsrirate  in 
accuracy  with  the  relative  wave-lengths  as  measured  by  Prof. 
Rowland.  This  hope  has  proved  in  a  measure  ilhisory,  by 
reason  of  the  small  residual  errors  of  the  gratings  and  the 
greater  uncertainty  involving  the  standards  of  lengtli.  I  feel 
convinced,  however,  that  the  result  reached  is  quite  near  the 
limit  of  accuracy  nf  the  method.  It  should  be  remembered 
that  any  and  every  method  involves  the  uncertainty  of  thi' 
standards  of  length,  an  uncertainty  not  to  be  removed  iintil 
a  normal  standard  is  finally  adopted  and  exact  copies  of  it  dis- 
tributed. And  as  far  as  experimental  difficulties  are  con- 
cerned, the  next  order  of  approximation  will  involve  a  large 
number  of  small  but  troublesome  corrections,  such  as  the  effect 
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of  nqueous  vapor  on  titmospheric  refraction,  varying  baro- 
metric height,  the  minute  variations  in  the  grating  space, 
faihne  of  tlierinometer  to  give  temperatui-e  of  grating  exactly, 
and  countless  otliers  which  will  suggest  themselves  only  too 
readily. 

Aside  from  the  use  of  gratings,  decidedly  the  most  hopeful 
method  as  yet  suggested  is  that  due  to  Michelson  and  Morley.* 
Thooreticaliy  the  plan  is  particularly  simple  and  beautiful,  con- 
sisting merely  in  counting  off  a  definite  number  of  interference 
fringes  by  moving  one  of  the  interfering  mirrors  and  measur- 
ing, or  laying  off  upon  a  bar,  the  resulting  distance.  The 
mechanical  difficulties  in  the  way,  are  however  formidable, 
;iud  whether  or  no  they  can  be  surmounted  only  persistent 
trial  can  show.  The  possible  sources  of  error  areiof  much  the 
s;imo  type  and  magnitude  as  those  involved  in  the  comparison 
of  standards  of  length,  and  if  these  errors  are  avoided,  the 
n-iccrtainty  concerning'  the  standards  still  remains.  Whether 
or  no  the  praciical  errors  of  the  method  are  greater  or  less 
thr.n  with  gratings  only  experience  can  prove.  Certainly  if 
the  method  is  capable  of  giving  exact  results  it  is  in  the  hands 
of  one  able  to  obtain  them  from  it. 

In  closing  this  paper  I  can  only  express  my  sincerest  grati- 
tude to  the  various  friends  who  have  done  all  in  their  power 
to  facilitate  my  work,  and  especially  to  Professor  W.  A. 
Kogers  who  has  been  tireless  in  his  endeavors  to  determine  the 
true  value  of  the  standards  of  length ;  to  Mr.  J.  S.  Ames,  Fel- 
low in  this  University,  who  has  given  me  invaluable  aid  in  the 
work  with  metal  gratings  ;  and  to  Professor  Rowland  who  has 
furnished  all  possible  facilities  and  under  whose  guidance  the 
entire  work  has  been  carried  out. 

Physical  I.abonitary,  Jolms  Hopkins  University,  March,  1S8S. 


Art.   XXXI. — Three   Formations  of  the   Middle  Atlantic 
Stbjie;  by  W.  J.  McGee.     (With  Plates  VI  and  VII.) 

(Continued  from  page  330.) 

The  Columbia  Formation. 

General  Characters. — The  formation  exhibits  two  phases 
which,  although  distinct  where  typically  developed,  inter- 
graduate.  The  thicker  and  rnoi'e  conspicuous  phase  occurs  com- 
monly along  the  great  rivers  at  and  for  some  miles  below  the 
fall  line,  and  may  be  designated  the  fluvial  phase;  while  the 
thinner  generally  forms  the  surface  over  the  remainder  of  the 
Coastal  plain,  and  may  be  designated  the  interjiuvial  phase. 

*  This  Journal,  III,  xxxiv,  427. 
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